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ESTIMATING THE MEAN SQUARE DEVIATION 


FROM A GIVEN TRAJECTORY 
E. A. Barbashin 


Sverdlovsk 


Translated from Avtomatika i Telemekhanika, Vol. 21, No. 7, pp. 941-950, July, 1960 


Original article submitted March 19, 1960 


New methods for estimating the mean square deviation from a given trajectory are given. The estimates ob- 


tained provide a method of choosing the external influences so that this mean square value will be small, Condi- 
tions are given for the existence of motion exactly over a given trajectory. 


We consider the system of differential equations 
dz; ws 
PTs = > Aix (t) Xp + 


k=1 


+S) Siuwn() = 1,2,....05 m<n) (1) 
k=1 


Here by}, are constants, uj(t) scalar functions which 
we shall call control functions, and a;;(t) continuous 
functions of time. The system may be written in the 
following matrix form: 


d m 
 =Al()x+ S\ bux (0), (2) 


k=1 


where the vectors b,. (Dik, Dok «. 
sumed to be linearly independent. 


. » Dp) will be as- 


Suppose for t St =t+T we have given a curve 
xj = f4(t) (i =1,2,..., n), or,in vector form. x= f(t). 
It is required to find a ‘system of control functions uy (t) 
for which the solution x; (t) of system (1), with initial «© 
conditions x; (t)) = fj (t)), will coincide with the given 
functions xj = f4(t) fort, =t =t}+T. In other words, it 
is required to choose the control functions so that the 
given trajectory will be realized. 

From the theory of dynamic programming it is 
clear that for m <n this problem need not even have a 
solution. In this case [1, 2] there remains the question 
of choosing a system of control functions which will 
yield the best approximation to the given trajectoty. 
However, it should be noted that even in the simplest 
case, when one attempts to guarantee a minimum of the 
mean square deviation from a given trajectory, the 
existent methods [2, 3] lead to solving boundary value 
problems for systems of ordinary differential equations, 
in which the form of the system changes when the func- 
tions fj(t) change. 

Ya. N. Roitenberg [4], following an idea of A. Ya. 
Lerner, indicated another approach to solving the prob- 


lem: he described a method of constructing piecewise 
constant control functions guaranteeing that the trajec- 
tory x = x(t) of Equation (2) intersects the given trajectory 
x=f(t) at prescribed moments of time t, &,..., tr 
in the interval (to, t) + T]. However, this method of 
solution may prove to be unsatisfactory in'many cases 
for the simple reason that small perturbations in the con- 
trol functions found in this manner lead)to the loss of 
the property for which they were constructed; i.e., the 
perturbed trajectory of Equation (2) may not intersect 
the given trajectory at a single morhent of time in the 
given interval. 

In this paper, following the first of the two directions 
indicated for solving the problem, we give up the aim of 
making the deviation a minimum, preferring to indicate 
an approach whereby the deviation may simply be made 
small, We assume that the deviation I z Ii of the. quan- 
tity of interest to us may be associated with the deviation 
ly ll of another quantity by means of the inequality 


IzIS Aly], (3) 


and assume that the minimum l yll is easily found, In this 
case, one may replace the problem of finding min ll zl by 
the problem of finding min ll yll. Since these are differ- 
ent problems, we obtain a somewhat worse. approxima - 
tion,which, however; may prove to be accurate in prac- 
tice. Such an approach to the problem decreases signifi - 
cantly the calculational difficulties, since the method, 
while still leading 'to the solution of a system of ordinary 
differential equations, may be carried through once and 
for all for a given matrix A(t), and is suitable when the 
given trajectory f(t)is varied, as well as when the con- 
trol vectors bj are. This solution admits a simple geo- 
metrical interpretation; consequently, it may be modelled, 
in the sense that a simple calculational analog device, 
using continuously varying parameters,may be employed 
in place of complicated digital computers to solve the 
problem. 

In this paper the question of estimating the mean 
square value of the deviation is considered; the question 
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of estimating the maximum deviation will be taken up 
in a succeeding paper. 


1. Estimate for the Mean Square Devia- 
tion 








In Equation (2) we introduce the change of variables 
Zz = x— f(t) and obtain the new equation 


2=A()2+ 3 dun (t) AWE —FO. 
kt 
With the aim in mind of estimating the solution 
to Equation (4) determined by the initial condition 
%(to) = 0, and for simplicity, setting ty = 0 in all that 
follows, we write the solution g(t) according to Cauchy's 
formula ({5} page 172) 


z(t) = \ F (t) F(:) [> ju, (t) + 
: k= 
-“ (5) 
+ A(t) f(*) —f(=)| dz. 


Here F(t) is the fundamental matrix satisfying the 
equation 


F(t) = AW) F(), 


F(t) being the inverse matrix. 
Introducing the notation 


m 


¥ (0) = >) awe (t) + A (EO) — FO), 
k=1 (6) 


we obtain 


t 


z(t) = \ F (1) F> (z) y (x) de. - 


Theorem 1. There exists a least positive constant 
L such that 


|z|=[\ 


n /, '/, 


> Fat] <L L[\ 3 nod] - @ 


i=} i=l 


F~% 


The number L may be found from the formula 


_ 
Lt mS) az(iydt, (9) 


9 i=1 


where the functions x4) satisfy the system of ews) ns 


=5 dix (t) t%e— =, 
: z (10) 
P= — NS) ai (t) Pet ti (= 1, 2,006.0) 


k= 
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under the boundary conditions 


Xj (0) a= (); pi(T) a |) 


r “4 (11) 
\> p,(t)dt = d* (i = 1,2,..., 2). 


The number L is also equal to the largest value of 
for which the boundary value problem (10)-(11) is 
solvable. 


However, the solution of the boundary value prob- 
lem (10)-(11) may entail considerable difficulty; 
therefore, we shall present a convenient method of 
estimating the number L. 


Theorem 2. The inequality L =l,, holds, where 


a n 


Li=\\ > wilt, ddedt. “is 


e e 2 
09 k=l 


Here w;)(t,7) designate the elements of the 
matrix F(t)F-X(r ). We note that, if A is a constant 
matrix, then F(t)F4(r) =F(t—r). 


2. Choice of the Control Functions 





After L or Ly is found by some means or another, 

in order to obtain the most accurate estimate of the 
mean square deviation,it is necessary to choose the con- 
trol functions so that the quantity 

T 1 “s 

lyi= (\_d ¥@ at) 

g =! 

is a minimum. For convenience we use the notation 


r(t) == f(t) — A (0) F (2). 


The problem consists in choosing for each value t 
such values u(t), up(t),... , Up)(t), which will 
guarantee the value of the quantity | y Il to be a mini- 
mum, But the quantity Ii y |i will be minima! if, and 
only if,for each value t in the interval [0, T},the 
quantity 


™m 
ly i= |S bau) —ro 
| i=1 
is also minimal. Here | y(t)| denotes the length of the 
vector y(t), 

We consider now the hyperplane Q spanned by the 
vectors by, be, ..., b m- It is clear that the magnitude 
Jy(t)] determines the distance from the point A, whose 
radius-vector is g(t), to some point B with radius-vector 


>> bju;(t), lying on the plane Q. 
i= 

Thus, | y(t)} will be the least for the given t, if 
the number u, (t) is chosen so that the point B is the 








projection of the point A onto the plane Q, that is so 
that |y(t)] will be the distance from the point A to the 
plane Q. 

According to [6] (page 205), we have 





>» TF (bi, bo, ..., b,,. r() 
ata. 4 Sy * (13) 
where 
I (By, by, ... » By OC) = 
| (b,, b,) (b;, b.) + - (b,, Dm) (b,, r(t)) | 
| (b,,, by) (Dm, b.) - - (Dm, b m) (Dm, r(¢)) 
+ (r(0), ba) (F (0), be) = = = (e(t)s Bm) (FO), (10)! 
and 
[ie Gat A; b,,) = 
(b,, b,) (by, b.) - + + (by, b,,) | 
(Dm, by) (Dm, by) = = » (Dm, Br)| 


is Gramme determinant, (bj, b) denoting the scalar 
product, Since the vectors by, bg, . . ., bpp are linear- 
ly independent, I (b,, by, . b,,)  0- 

Let uy(t),... , Up)(t) be chosen to minimize 
ly (t){; then 


(y (t), b,.) = (> bju; (t) — > (t), b, ) x f 


i=l 
(k=1, 2,..., m), since the vector y(t) is orthogonal 
to all of the vectors by. 
To determine u,(t),we have the system of equations 


m 


>} (Bes bi) wi (0) = (0), De) = 1,2,... 


i-1 


, my. 14) 


The determinant of this system is equal to (by, 
b;, . . . , b,,) and therefore is different from zero. 


T 
Denoting //*==min\ !y(/)*dt, according to 
(13), we have 

‘ 


2 _ ‘ ie 
alles T (by, be... by) \ V(b, Bey. ++» Ds 
v0 


(15) 


These formulas take on a particularly simple form if the 
system of vectors by, bg, ..., bm is orthogonal, i.e., 


r(t)) dt. 


if (bj, by) = 0 for i # k and (bj, bj) = 1. In this case, we 
have uj(t) = (r(t), Bj) (i= 1, 2,..., m> 


r m T 

H? =\ r2(t) dt — X\ r(t), bj)ed. 
0 =t 

If there is only one control function, then 

u(i) = Om 
and 
t fi 
Ii? = \ r- (t) dt —_ yD (r (/), b)*dt, ‘ 

0 v (15") 


Formula (15) indicates that the exact realization 


of the given trajectory is possible only if,at each mo- 
ment of time, 


1° (bo, Be, -- 0: Be, ¥(2)) = (16) 
Equation (16) means that the curve z = r(t) lies in 
the plane spanned by the vectors b,, bz, .. . . By. 
Otherwise. the solvability conditions for the system 
m™m 
S) bin; (4) — (0) = 0 could be formulated in purely 
i-1 


algebraic language ([{7], page 40). 


3. Choice of the Optimal System of Con- 
trol Vectors 








Having found H, we obtain the formula ||z\| = LH 
for estimating the mean square deviation. If the quant- 
ity H is large, then,in order to decrease ||z|| ne must 
enlarge the collection of control functions. If,however, 
the set of control functions may not be enlarged, then 
in certain problems, for a given trajectory x = f(t), one 
may sree — an optimal system of control vectors 
b,, be, . b,,,: ie., a system guaranteeing a minimal 
value on H. 


We consider the matrix C ={ cj} , where 
! 


Ci; \ 


ri(!)r¢(t) dt. and 1 (t) are the projections of 


the vectorr(t) The eigenvalues of this matrix are non- 
negative, We arrange them in increasing order: 


hy D> he > e+ + DA, DO. 

To each eigenvalue A, there corresponds at least 
one eigenvector b,,; it is known ([6], page 20) that it is 
possible to orthonormalize a system of eigenvectors. 


‘Thus, we obtain an orthogonal system of eigenvector 


for the matrix C, 
Theorem 3. The orthonormal system of eigenvec- 


tors by, bg, . . . . By Of the matrix Cis an optimal 
system of control vectors, in that.if the system of con- 
trol functions is taken according to (14), then 
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T m n 
He=\r(jd—-Yu= Ye ay 


0 i=1 h=wm+1 


We note now that the exact realization of the 
trajectory by choosing an optimal system of control 
functions and control vectors may be attained for 
m <n only if 


... hye 0 


Ain+t Am+e = 


But this means that the equation 


I 
I 


D(a) 


has a zero root of multiplicity n—m. The conditions 
of existence of such a root have the form D(0)=D'‘0) = 
=... =p@-M+1\o) = 0, Geometrically, these condi - 
tions mean that the curve z = r(t) lies in an m-dimen- 
sional linear subspace of the space (2, Zz,... » Z,). 
To calculate H? from formula (17), it is necessary 
to know the roots A m4i .. - » Ap. It is known ([10}, 
page 80) that 


i? an ab | sO) ds, (179 


where R is any contour in the complex plane enclosing 
only the indicated roots of the equation D(A) = 0. In 
particular,R may be taken as the circle of radius « and 


center at the origin, if it is known that A,,,4 .< € < Ap 


To determine a minimal set of control functions allow- 
ing one to attain a trajectory with prescribed accuracy, 
it is useful to use the reasoning in [10], page 79, or any 
other known method (for example,the method of Sturm) 
for determining the number of roots of the equation 
D(A) = 0, in the interval (0, €). If this number is equal 
to 1, then n-—Z control functions and n—Z control vec- 
tors may be chosen so that the inequality H®< ¢2 will 
hold, The best estimate of the accuracy of the approxi- 
mation in this case provides formula (17°) again. In 
each case,it is useful to remember that the approxima- 
tion using m control functions will be most accurate 
when the coefficients of the powers of ) not surpassing 
the degree m~n in the equation D(A) = 0 are small in 
absolute value. 


APPENDIX 
Proof of Theorem 1, It is easy to see that 





T n 
 — max | > 2; (t) dt 
0 k=1 
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Tn 
under the condition that \ ,. ui. (t)dt = 1. 
0 k=1 


We shall solve this variational problem on the 
basis of Pontryagin’s ma.imum principle and the meth- 
od of paper [3]. According to [3],one should introduce 
supplementary variable: 


n nm n 
z= >) Giz (t) Te + Yip ni. = >) Te In4e= >) ve 
k=1 k=1 k=1 


n 


P, =—>) Qy5 (t) Py — 2Pngitir Pn = 
k=1 


= 0, Pris = 0 (j a i, 2, ...,”). (18) 


We shall seek max Xp 43 (T) under the condition that 
Xn+2(T) =1. According to [3],it is necessary to construct 
the Hamiltonian function 


n n 


n n 
1 1 «9 1 2 
a= >) ipPih, + 2 Pi + Pros > t+ Pate >) Yx° 
i, k=1 i=1 k=1 k=1 


The maximum principle tells us that y; should be 
chosen so that H is a minimum. The condition of H 
being minimal takes the form 


2Pnio¥i + Pi = 9 (i = 1, 2, ..., &). 


Bearing in mind the boundary conditions for the 
system (18): xj (0) = 0,pj (T)=0 fori=1, 2,..., n, 
Pn a (T)=— 4s Pn 4 ATI A/2, X_42(T) = 1, we have 


{ d P; (t) 
Pnii (t) gehre’ 9 ’ Pnie = > andy; (t) = — — ‘ 


The essential portion of system (18) may now be 
rewritten in the form 


n P; 


4 * 
i= >} a5, — » eo y= 
k=1 
n 
=—)) retry i=1, 2,..., 0). (19) 


k=) 





i an =~ — 





This system must be solved under the conditions 


x, (0) = 0, p,(T) =0 (i = 1, 2, ..., n); 


p(t) dt = 4. (20) 


1 


iM: 


T 

1 ” 

Tn+2 (T) )= 79 | 
0 


We show now that L” = \, where 2 is the largest 
eigenvalue for which the boundary problem (19)-( 20) 
has a solution. For this purpose, writing the system(19) 
in matrix form, 


x=A(t)x— >, p=—A*()p+x 


(here A*(t) denotes the matrix conjugate to A(t)], we 
take the scalar product of the first equation with p, and 
of the second with g. Adding the resulting equations, 
we obtain 


(x, p) + (p, x) =(A(t)x, p) —(A*(t)p, x) — i. 4 x?, 


Integrating from 0 to T, and remembering the 
relation 


(A (t) x, p) = (x, A*(¢) p), 


we obtain 


T { T 
| xa -- | pee 
0 


0 


(x, p) |7 = 


or 


L* =i, 


since,by virtue of condition (20), 


T 
= 0, | p*( (t) dt = 22. 


0 


(x (¢), p(t) 


We now turn to some remarks on the connection 
between our considerations and the simplest concepts 
of functional analysis ((9], page 114). Formula (7) 
defines a linear operator W taking the vector function 
y of the Hilbert space L,,(0,T) into a function of the 
same space, The operator W is bounded and has norm 
L which will now be found. The adjoint operator W* 
has the form [2] 


T 
Wry =\ (F(t) F (=) y(z)dz; (20) 
t 


the inverse operators W~, (w*)~ are given by the 
formulas 


W-z= 2—A(t)z, (W*)1z=—z—A*{t)z (22) 


If we introduce the notation 


r 
j (y (t)z(t)) dt, 


0 


fy, z]= 


then, of course, 
(Wy, 3) =[y,*z]. 


The variational problem which has been solved is 
the problem of finding the maximum of the functional 


I =[(Wy, Wy]—Aly, yl=(W*Wy, y]—Aly,. yl- 


The variation 41 is found by the formula 
t] =2[W*Wy, ty] —2A[y, dy). 


Since 61 = 0, it follows that W* Wy—Ay =0, or 


(F (a) F- (t))* F (a) F> (x) y (t) dt da — Ay = 0. (23) 


att hy 
Ce R 


Thus the value \ = L” of interest to us is the largest 
eigenvalue of the operator W*W. Equation (23) is an 
integral equation. Using formula (22), it is easy to go 
from it to the differential equation 


y —AW-!W* -ly = 0, 
which, written in detail, assumes the form 


d (2 4 


, dy as % ar’ 
a A(t) y) AW) (B+ ary y) Y =0. 


— 


(23 ) 


This equation should be considered together with the 
easily deduced conditions dy/ dt + — = 0 att=0, 


y(T) = 0, and also the condition y? (t)dt = 1. 


—" 


The substitution of the variables dy /dt + A*(t)y = 
= —x/X, p=—Ay into Equation (23") again leads to the 
boundary value problem(19)-(20), However, the purpose 
of our remarks is not to rederive conditions (19)-(20), 
but to indicate applicability of direct methods in 
the search for L?, One of such methods is, for example, 
the method of steepest descent ([9], page 541), 
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T 
Proof of Theorem 2, We have |z\? = \ zi (t) dt. 


0 a 
Since = 





nt 
z,(t) = 2\« Wi (t, t) yy (x) dr, 
10 


then 
n 


ofa 


i= 


13 


y| wi, (t, *) yy (2) de] dt = 
1 


= 
~ 
ll 





k=1 


Using the Bunyakovskii-Schwartz inequality ([8), 
page 242), we obtain 


» 


i=1 


Tn t n 
=< | | V Set wip (2, Dawe] dt. 
0 i=1ito 
B 
ob 


n 
y\ y2 (x) dt dt. 
k=1 


n 
pe w;,(t, t) dt \ 


k=1 


PS 


ee | 
cou 
—i ae 


When t in the second integral is replaced by T,the 
inequality is only strengthened. The inequality 


Ttn 
\ 2P<\y/ \ i> wi, (t, t) dt dt 
0 0%, k=1 
gives the required result. 


Proof of Theorem 3. Since the quadratic form 





s n 


T 
D “ubbe =) (Dd bereo)Pa 
0 


k=1 


I (8) = 
i, k= 


is positive-definite, its eigenvalues, that is, the eigen- 
values of the matrix C, will be nonnegative. If the 
system of vectors by, by, . . . , Bm is orthonormal, then 
according to formula (15"), we have 


T m 
H? = \ 3 (t) dt — }) (bys F ())*at. 
0 k=1 


It is necessary to choose the system of vectors in 
m T 
such a manner that the sum >) \ (b,, r(t))'d¢ Will be 
k=10 
the largest possible. Consider the first term of this sum: 


T n T 
=| (b,, r(t)P? dt = , \ ri, (t) ry (t)dtb,b), = 
0 i, k=10 


n 
+, k=1 
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Here dix are the projections of the vectorbj. The 
problem reduces to finding the maximum of the quad- 
n 


ratic form 1(b,;) under the condition 2 b3, = 1. 
i=1 


It is known ((8], page 28), that this maximum is equal 
to the largest eigenvalue A,, and is attained for the 
eigenvector by corresponding to this number. To satisfy 
the condition that the succeeding term 


ys 
= \ (bs, r(t)) dt = 7 (6,4) 


0 


be a maximum under the subsidiary conditions 

(by, bg) = 0, bZ= 1, it is necessary to take by as the ei- 
genvector corresponding to the eigenvalue »,. Accord- 
ing to the extremal theory of quadratic forms ([8], page 
28) the maximum ky will be equal to Ag. If Ay = Ay, 
then for bg one should choose, among the infinite set 

of eigenvectors of the multiple root Ay, a vector which 
is orthogonal to bj. Proceeding analogously, we obtain 
the complete solution to the problem, 


 f n n 
7 
Since \ r’(t)dt = » ec; = >) A, is an invariant 


0 i=l i=1 
quadratic form I, formula (17) is obvious. 


Example. We consider the system 


%y = q+ dyu (t), yg = — xy + dgu (t) ( 25) 
and attempt to find u(t) so that the solution of this 
system is realized by motion along the trajectory 
Xy=t—1, xg=t+1 for 0 =t =1. 

First, we calculate L, (Theorem 2). The fundament- 
al matrix for the system (25) has the form 


cost, sint 





—sint, cost 


ro 





from which 


F (t) F-1(z) = F(t — t) = cos (t — t), sin (¢ — t) 


— sin (t — +), cos(t — t) 








Thus, formula (12) yields 
L,=T =1. 
We introduce the change of variables z = x—t+1, 
Z2 = y —t + 1 into the system (25). The new system 


takes the form 


231 —z+bu+t, Zo = —2, + Dou — 1. (26) 








We obtain (t)=—tandr,(t)=t. If by+ b= 1, 


then formula (15") gives 
u (t) = (by -- by) t, HT? - —a—y. (27) 
Thus, 


= ae %, 
iz\< LH = (2—G—bP) 


We now attempt to find a vector b(by, bg) so that 
the approximation will be the most accurate. First, we 
calculate the elements of the matrix C, entering into 
Theorem 2, As a result,we obtain 


1 i 


C1 = c Co == — 
3” 12 22 he 


The characteristic equation of the matrix is 
2 
oes X = 0, from which Ay = A A2= 0. According to 


Theorem 3, the control vector b may be chosen so that 


H = 0, and then the trajectory will be realized exactly. 


The vector b we are seeking should be the eigenvector 
of the matrix C, corresponding to the value 4 = 2/3. 
To determine b, and bz,we have the system 
C411 + Cy2bg = Aad, 
Canby -+ Condy = Agbg, b? + b2 = 1, 


from which we find b, = — 72/2, b, = 72/2, From 
formula (27) it follows that u(t) = 4% t. Otherwise,the 


optimal values of b, and bz may be found immediately 
from formula (27). 
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On the basis of the approximate calculation of the periodic-behavior of relay systems with extremum regulation 
(RSER) [5], we have determined the areas within which :elf-oscillations exist in such systems for linear object 
units of any kind, We have also considered some methods for stabilizing these systems (at high frequencies). 


At the present time we are acquainted with two 
types of relay systems with extremum regulation (RSER), 
those in which the quantitative output magnitude of the 
object is tied (or fixed)},and those in which it is floating 
with respect to the circuit extremum level (Figs. 1a and 
1b). 

In systems with a fixed level,the quantization is 
determined only by means of increments in the forbid- 
den direction,* the first increment being exactly com- 
puted with respect to the extremum [1]. In systems 
with floating regulation, the quantization is determined 
by taking into account increments occurring in both 
directions, the starting point being determined by the 
initial conditions and independent of the extremum 
position [2, 3, 4]. 

We have carried out below a comparative analysis 
of these systems in terms of the index of periodic be - 
havior, which is a basic characteristic of SER. 


1. Computation of the Parameters of the 
Periodic Behavior 








We will assume that in RSER with a floating grid 
the quantization of the level of the initial conditions is 
chosen so that the extremum of the statistical character- 
istic of the object coincides with one of the quantization 
levels, Then we may use the same model (Fig. 2) in 
the determination of the index of the periodic behavior 
of both systems. We will make use of the method of 
balancing of harmonics in the same form that was out- 
lined in paper [5] for application to extremum systems, 
From the known frequency characteristics for the linear 
links Ky(jw) and Ky (jw),and the system K, (jw),we get 
the equivalent frequency characteristic of the extremum 
system (Fig. 3): 


-@\ pa /; ee 
K (jw) = K3(j5-) Ki (7) Ka(joye*. 
The amplitude Y, and the oscillation frequency w 


are outputs for the object and are associated with the 
parameters of the extremum regulator « (which is 
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Fig. 1. 


quantized in steps corresponding to the level) and the 
coefficient of amplification kp by means of the foliow- 
ing relations: 





8k? k ; 

Y= = | K (jo) |, (2) 
8k? k 

x= Bt | K (jo) |/(@), (3) 


where fcc)= 1+ sin & for RSER with an extremum index 
based upon the deviation (increment),and f(a) *2 o/w, 
for RSER with an extremum indicator based upon the 
integral of the deviation, and the supplementary angle 
with respect to m of the phase difference of the first 
harmonic of the expansion of the periodic sequences at 
the input and output of the regulator. The angle a is 
measured as shown in Fig. 3. 

If, in a system with a floating grid, the statistical 
quantization of the extremum does not coincide with 
either quantization level, the amplitude of the system 
oscillations will be larger, and the oscillation frequency 
will be lower, than that obtained from Equations (2) and 
(3). This is due to the fact that the factual magnitude 
of the increment, as computed with respect to the ex- 
tremum, exceeds k by 0 = Ax < x; this is determined 
from the initial conditions. 


* We will call increments in the forbidden, or the al- 
lowed, direction increments in the output magnitude cor- 
responding to their distance from, or their closeness to, 
the extremum. 
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Paper [5] has determined the regions in which Fig. 3. 
periodic solutions for the RSER studied in this article 
exist, and has shown that they satisfy the necessary For this case the limiting conditions for the exist- 
conditions for stable self-oscillation. The sufficient ence of self-oscillations are given by 
conditions for stable self-oscillation of RSER are unknown. 


x 


t 

Papers [3, 6] show the possibility of the existence of ?- 2», : 

complex periodic operation, due to multiple switches, \ [¥1 cos (wt — 6) —Y,)dt = 

over a period. — (8) 


-_ \ [Y1 cos (wt — 0) — Y, cos (wt, —0)| dt, 


t 


2. Regions within Which Simple Self-Os- 
cillations Exist for RSER 








a 


Let us determine the regions within which simple 








self-oscillations exist. where t is determined by the first maximum of the 
Let us make use of the conditions existing during integral in the right side of Equation (8). 
the time of switchover in the system [5] (Fig. 4): Substituting the value of t, from (5), we get 
1(n 
Y, cos (wt, — 6) — Y, =: —x, (4) « G +2) 
Y, \ [cos wt — 1}dt - 
where 4 
1 (= ~a) 
1 / 4 wo \2 (9) 
i = a 0 5 
w (a 2 F ) @) =}, \ [cos wt — cos (5 4+ a) | dt, 
is the switchover time, Y,; and @ are the modulus and 2 ( = +a) 
phase of the equivalent frequency characteristics of 
system (1). From this we get the following equation for a; 
It is obvious that simple self-oscillations exist if x—2a\ . r/2+a (10) 
2¥, > K> Yq, ie., Y; > Yy cos(wt, —)> 0; therefore Coee —{ ) sin aA ake te 


a which, for 0 < a< 2n,has the solution a = 0,367. This 

en C9) means that the region for which simple self -oscillations 

exist for this system is determined by the frequency 

Woo, for which the phase of K (jw= —( — 0.367)(Fig. 3). 
An effort to realize operation at frequencies above 


the indicated boundary leads to the appearance of re- 


Thus, the boundary of the region in which simple self- 
oscillations exist is determined by the frequency Wg, 
which corresponds to the point K(jw) [(1)], lying on 
the negative real semiaxis (a = 0, Fig. 3). 


In systems whose extremum indicator is the integral y(t) 


of the increment, the conditions at the switchover time oh 
are given by bye 


\ [Y, cos (wt — 0) —Y,)dt =. —-. (7) 
U0/w Fig. 4, 


i < 


S 
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Sia 
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tx 
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peated switchovers in the system, when the deviations 
from the extremum reach a value greater than 2 
quantized steps. As a result,in RSER based upon simple 
increments, increments lead to complex (multiple) os- 
cillations, while,in a system based upon the integral of 
the increment, the periodic process does not even be- 
come established. Complex periodic behavior differs 
sharply from the harmonic,and cannot, therefore, be an- 
alyzed by means of the established method. 
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Fig. 6. Y(t) — quantized with respect to the level 
of Ya (t). 


For increases in the case of RSER with floating grid 
quantization,pictures were taken during experiments of 
periodic processes with frequencies close to the boundary 
frequency. The experimental system consisted of an ac- 
tual operator and object in a set-up of the type MN-8. 
The output for the critical mode of operation (a = 0) 
was realized by the choice of « for several fixed values 
of kp, the initial values being chosen so that the statisti - 


cal extremum was close to one of the quantization levels. 


Comparison of the computed and experimental data 
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(Fig. 5)showsa sufficiently satisfactory agreement 
between the results. Two examples of self-oscillation 
at the critical frequency are shown in the oscillograms 
in Fig. 6. 


4 
3. Means of Stabilizing RSER 





The quality of operation of RSER is usually evaluated 
by the minimum values of the output hunting. From 
this point of view, the synthesis of a RSER, in which we 
do not take account of accidental excitations, is subject 
to the requirements for the creation of a system with a 
maximum self-oscillation frequency. The critical self- 
oscillation frequency in RSER may be basically increased 
if we prevent repeated switchovers in the system. In 
order to do this, for example, we open (or disconnect) 
the system for a short time when the output exceeds two 
quantization levels (with respect to the extremum value) 
[1]. However, this procedure requires a preliminary 
knowledge of the self-oscillation frequency, which may 
not always be available. For example, in some cases, 
the same regulator must, without resetting alternately 
regulate an entire series of objects, all the objects having 
the same structure,but each linear unit having a differ- 
ent time constant and having extremum statistical char- 
acteristics of different curvature. 

The prevention of repeated false switchovers in 
RSER without first narrowing the self-adjustment region 
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of the system is accomplished by the use of a special 
logical device which either permits or forbids switch - 
over,depending upon the previous situation. The struc- 
ture and manner of realizing this logical device will be 
discussed below. We wish to note at once, however, that 
such a solution is useful only for a system with a float- 
ing grid which is quantized with respect to a level, since 
it is only in such a system that we can have a definite 
regulation process both before and after a passage through 
an extremum. 

The region within which simple self-oscillations 
exist widensin this case to a = -0.339 for RSER with an 
extremum indicator based upon the deviation,and to 
a = 0.168 for an extremum: indicator based upon the 
integral of the deviations (lig. 3, w§ and wg, respect- 
ively). 

Further widening of the region in which self-oscil- 
lations exist for RSER may be obtained with the aid of 
so-called pulse stabilization, as outlined in the appendix 
of the articles on the usual operation of relay systems in 
papers [7, 8]. In contrast to [8],where a precise compu- 
tation of the stabilization effect is made, we wiil make 
use of the approximate method of evaluating the effect, 
using as the basis of our computations the method of 
balancing the harmonics. In essence ,harmonic stabiliza - 
tion consists in forcing the system to move in the direc- 
tion of the extremum after a change in sign is obtained 
during scanning. This occurs due to a previous mutila- 
tion in the series of regular pulses 2(t) at the regulator 
output, as shown in Fig. 7a. It is obvious that the first 
harmonic of the series in Fig. 7a leads the first harmonic 
of the series in Fig. 7b by a phase angle 6. This leads 
us to the following method for determining the indices 
of periodic operation of the stabilized system: we use 
a method of computation which is similar to that out- 
lined in Section 1, but we use a system of coordinates 
which is rotated by an angle 8 in the direction of the 
phase lead (Fig. 3). 

The parameter y-the relative duration of the 
corrective pulse— must for the above-outlined reasons, 
be independent of the self-oscillation frequency; this 
can only be realized in systems with floating grid 
quantization, Actually, in order to obtain a corrective 
pulse in such a system after the passage through the 
extremum, we can make use of the fixation times of the 
allowed increments. For example, for RSER,due to the 
fact that (1 — y)7 of the half-period z(t) is equal to 
(wtx — 6) of period ¢g,(t),we get 

- a 
¥ = 0.75 — oe (11) 

Having determined y, we can compute 6 as the 
difference in the phase angles of the first harmonics in 
the expansion of the series shown in Fig. 7. 

In Fig. 8 we show the family of 8 curves as func- 
tions of the relative values of the corrective impulse 
kp2/Kps (Fig. 7); the parameter of this family of curves 


is a, In Fig. 7, we also plot the curves for <1, where 
d is the transmission coefficient; we must take the 
value of into account in the regulatory circuit in 
order to maintain the same coefficient of amplification 
as for the unstabilized system. 
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Fig. 9. 


Let us examine the circuit of Fig. 9,which permit 
us to utilize both methods of increasing the self -oscilla- 
tion frequency in RSER. At the input to the circuit, we 
apply the fixation impulses of the forbidden and al- 
lowed increments. The trigger T2 (with one symmetri- 
cal output) represents the output relay as in any ex- 
tremum relay regulator. Trigger T1 (with two outputs) 
fulfills the following logical functions: 1) it forbids 
every second fixation pulse of the forbidden increment 
if it was not preceded by a fixation pulse of the allowed 
increment; 2) it permits a third fixation pulse of the for- 
bidden increment even if an increment of the allowed 
fixation has not been received. As we can see from 
the circuit, the logical operation of the trigger T1 cor- 
responds exactly to the requirement for the formation 
of acorrective pulse during pulse stabilization. In this 
manner, the circuit described above prevents repeated 
switchovers, maintains the system within the extremum 
region during false switchovers prior to the time that 
the extremum is reached,and generates a regular series 
of pulses, shown in Fig. 7a, independently of the ab- 
solute values of the self-oscillation frequencies of the 
system. 


SUMMARY 


1. The limits of the region within which simple self - 
oscillations exist in relay SER for object units of any 
type have been determined, 

2. We propose that,in order to increase the self- 
oscillation,use be made of corrective pulses and of 
measures which prevent repeated switchovers, The 
given circuit for the concrete realization of these 
methods for increasing the frequency is independent of 
the absolute value of the self-oscillation frequency. 
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3. We have shown that RSER with floating level 
grid quantization possess a more elastic structure, in 
the sense that they are more “self-regulating” under 
conditions in which the parameters of the regulated 
object change. 
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The dynamics of one class of continuous systems of extremum control is investigated. The drift in the position 
of the extremum, and also the high frequency interference,are regarded as random functions of time. 


The extremum control systems are viewed as work- 
ing on the principle of proportional search, In contrast 
to discrete systems, the trial pulse is separated from the 
working action not in time but in the range of frequen - 
cies used. Such devices were first described in the book 
[1], where first attempts were also made to analyze their 
dynamic behavior, and also to provide qualitative esti- 
mates on the impact of random noise. 

The block diagram of an extremum system of this 
type is shown in Fig. 1. The generator of the trial pulses 
delivers them in the form of a periodic function of time 
(it is usually either a sine or a square wave), The tial 
pulse is fed to the controlled object. As shown later, 
the amplitude of the fundamental harmonic component 
at the output of the controlled system is approximately 
proportional to the magnitude of the rate of change of 
the characteristic (that is,to the derivative of the func- 
tion representing the dependence of the output on the 
input). 

The magnitude of the indicated amplitude and ,thus, 
of the rate of change obtained with the aid of a demod- 
ulator, can be regarded as an error signal of a typical 
control system; by using a controller the error is made 
to approach zero, i.e., to bring the system to the ex- 
temum point. 

Thus, if the value of the rate of change is found: 


d 
k(x) = =, 


then the motion of the control unit can be performed 
in accordance with the equation 


dx 
7 = al (x), 


where a > 0 when the search is for a maximum, but 
a < 0 when it is for a minimum. 
In view of the formulated conditions, the time con- 


f 
stant j|——j;, , should be much less than the period 
a— 
dx 


2m Aw of the trial pulses. 





It was already shown in [1] that, when designing an 
extremum system, the very nature of the problem de- 
mands that two kinds of changes in output (or input) of 
the system which are not under control be taken into 
account; a) a slow drift — a gradual change of the 
characteristic, which includes the slipping away of the 
extremum point to be followed by the controller, and b) 
high-frequency disturbances. 

If the former type is regarded as a useful signal (as 
the term is used in the theory of optimum filters), and 
if the controller is adjusted accordingly to provide opti- 
mum performance, the latter appears to be just interfer - 
ence in the controller which should be filtered out. 

There is usually a frequency band between the fre- 
quencies of the drift and of the noise which, on the whole, 
is free from the uncontrollable changes, It seems natural 
that use should be made of this range in generating trial 
pulses, In actual practice, however, the band may be 
fairly narrow, and we shall see that the frequency thus 
selected for the trial signals will not be distinct enough 
from the frequencies of the useful signal and, in conse - 
quence, not distinct enough from the working frequencies 
of the controller, which is inadmissible. 


In view of the above difficulties, objections were 
raised in [1] against such systems being widely used for 
practical purposes. Nevertheless the basis of the work- 
ing of an extremum controller, as described above, has 
some very important good points, the fundamental one 
being the comparative ease with which the search for 
an extremum dependent on several coordinates, when 
the working action is continuous (in time), can be 
realized (see, for example, its mathematica! analysis in 
[2}). It is very important, therefore, from the practical 
point of view to be able to find an answer to the question 
as to whether the bandwidth of the testing signals is in 
fact limited only to the frequency band which is noise- 
free. When the noise is of a random character (this case 
is of particular interest as the noise localized at one fre- 
quency does not cause the above-mentioned difficulties), 
it should not, if properly filtered, exert a decisive in- 
fluence on the working of the system even when the fre- 
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quency of the trial pulses is definitely within the noise 
band. 

Let us examine an object such that the extremum of 
its characteristic is searched for changes only in one co- 

















-Fig. 1. 1) Object, 2) control 
unit, 3) generator of the trial 
pulses, 4) demodulator. 


ordinate, Its idealized block-diagram given in Fig. 2a 
contains a linear dynamic input with transfer function 


Ky (p) (p = 


istic y = f(x) which has a single extremum in the con- 
sidered range, and the linear dynamic output with trans- 
fer function K,(p). 

We assume that some external disturbances which it 
is not possible to control are acting both on the input 
(Z,) and on the output (Z,) of the object. Each disturb- 
ance is thought to consist of two components: 


~), a nonlinear static element with character 


Z, = Z10 + Zu, Z, me Z29 + Za1, 


(1) 
where the 0 subscript denotes the components which 
correspond to the slow drift (useful signal), the subscript 
1 denotes the component corresponding to interference.” 

The components Z,, and Zz can be represented in 
the form (see,for example,[3]) 


Zu, = A, sin wt + By cos yt, 


(2) 
Zo, = Aq Sin Wot + B, cos mgt, 
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Fig. 2, 1) Generator of trial pulses, 
2) phase-shifter, 3) demodulator, 





where Ww, is the frequency of the trial pulses; A;, B;, A», 
Bg are slowly varying random functions (compared with 
sin Wt) uncorrelated to one another (or to Zy9 Or Zap). 

A signal proportional to the displacement of the 
workpiece (the working signal) and the trial disturbance 
a sin wot from the generator of the trial signals act on 
‘the input of the object. To simplify the matter, it is 
assumed that the trial pulse excites the input of the non- 
linear block x. The transfer function of the workpiece 
is represented as 1/p &(p), where the operator K; (p) 
characterizes the dynamics of the operating device,as 
well as the characteristics of the auxiliary compensating 
networks, The latter, though not indispensable, are in- 
troduced inorder to improve the dynamic properties of 
the system as a whole. 

The output yy of the object is fed to the demodulat- 
ing device to determine the amplitude of the fundamental 
harmonic of the output signal. 

An ideal demodulator operating on the basis of the 
relation 


{+t 


x,=b “° \ y, Sin(@,t + ¢) de, 


0” 


(3) 


is considered where the phase difference ¢ is introduced 
by means of a phase-shifter, the lag being due to the pass- 
ing of the testing signal through the object, that is, 
¢ = Arg Kz (j«,). (4) 

Other types of demodulating devices can be analyzed; 
for example, a device with synchronous filters [1, 2] where 
the product of the output and the testing signals 
yxb sin (wot +¢) is fed through a filter. However, with 
sufficiently efficient filtering of the higher harmonics, 
there is basically no fundamental difference between 
the latter device and the ideal demodulat 'r. 

With the assumptions as above, we show in Fig. 2b 
the whole scheme of the extremum control system; for 
the sake of simplicity, the notation K;(p) = Ky (p) K (p) 
was introduced, 

We now proceed to analyze the scheme, We ex- 
pand the expression for the signal at the output of the 
nonlinear member: 


= J (x a Zi {- asin Wot) a Z. 
into a Taylor's series about the point x+ Zyo: 


y= 2Z,+ /(2+ Zp) + 
+ f’ (a + Zo) [(A 4- a) sin wt ++ By cos wot] + ... 


(5) 


*It is obvious that the component Zz, (the drift either 
up or down of the characteristic) provides no useful in- 
formation. 
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As the ideal demodulation takes place in success - 
ive members, it is possible from the start to retain in 
the formula for y only the terms with the fundamental 
frequency (with an accuracy up to the terms containing 
derivatives of the order higher than two). We thus ob- 
tain 


y” = A, sin Wot + Bz cos wot +- 


J’ (a + Zyo) [( Az -+ @) Sin wot + By, cos wyt). 


Should f(x) be a second-degree parabola 


(2) = = > 


then 
f(z)=—2 (6) 
and the quantity y*proves linearly dependent on x. 


We shall write down the transformation of the sig- 
nal y* after it has passed through the linear part of the 
characteristic of the object. We represent y* as 


y” = [Ag -+ J’ (2 + Zo) (Ay + @)] sin wt + 
+ [B, +f’ (x + Zyo) Bi] cos t = (7) 


= A, sin ot + By cos wof. 


When a linear differential operator operates on the 
product of a harmonic function of time and an arbitrary 
function  u(t),t we can write the result as 


Kz (p) [u (2) sin @,!] == sin @f Ao, (p) uv (0) + 
+ COS WlAss (p) u(t), 


(8) 
Ky (p) [u (t) cos @yt] = cos wyt Ka, (p) u (4) — 
— sin woth. (p)u(t), 
where 
Ks, (p) = Re Kz (p + Jy), 
Kyo (p) = Im Kg (p |- J@,). 
Hence , 
Y1 = SiN Wol [Ks; (p) Ay — Koo (p) By] + 
(9) 


TF cos Wel [Kos (p) Ay + Ae (p) By] 


(only the fundamental frequency components are kept). 


In view of the fact that the amplitude changes little 
within a period, we obtain,at the output of the demodu- 
lator, 


1, = b{[cos ¢K's (p) -|- sin ¢K ge (p)} [Ay + 


+ f' (x -|- Zo) (Ai + @)] + 
~ [sim pA2, (p) — cos phys (p)| [Bz + 


+ f(t + 21) Bil}. 


The equation of the closed-loop system, dependent 
on the “tracking error" ¢€ = x + Z4o, takes the form 


l 


€ -— > K, (p) {[cos pa, (p) - 


(10) 


+ sinoAos Ay -- j’ (8) (A, + a)! 3 
Ws aes 2 J (8) (Ar + a} an 
-|- [sin pA‘, (p) — cos oA, (p)| [Bs + 


+ /' (8) BY} = Zio. 


The obtained equation is nonlinear. Furthermore, 
when Aj, B, ¥ 0, its coefficients are random functions of 
time; it proves impossible to analyze the equation in a 
general case, 

We shall not consider (11) further (unless the high- 
frequency noise at the input of the object is absent), We 
shall then have to deal with an equation describing a 
system equivalent to a system which consists of one linear 
part and one nonlinear element f* (€). 

This can be investigated for arbitrary f(x) by 
the method of statistical linearization (see ,for example, 
[4}). 

Let M{ Zu} = M{ Zoo} = 0; then also M{e} = 0, 
and f* (€) is approximately equal to f*(e) =k(o,)e, 


where j:(g,) =. 2 \ /’ (2) ef (e) de, and ¥(€) = 
720 
~~ ex p i =z) is the probability density of € (it 


Se 


a 


is assumed that € has a Gaussian distribution). 
Equation (11) takes the form 


{1 ai = K (9,) K, (p) [cos ¢ (Aan (yp) 
— Ky. (p)) + sing (Ke (p) + Kes (p))1} é= 
= Zig =k, (p) ((cos pA eg: (yp) 4- sin pK 2 (p)) Ag 4- 


+ (sin pKa; (p) — cos 7K» (p)) Be) (12) 
or 


® (p)¢ = Zio + D, (p) Ay + 


+ ‘D, (p) Bs. 


+The above rules can be easily derived by using the 
Leibnitz formula. 
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One can obtain a formula for the variance of « by 
regarding the above as a linear equation 


and | 


S2 () [| Mi (io) |? + | De (Fo) \*) } dw 
| ® (jo) [2 , 


So y(@) 
| D (jo) et 


(13) 
+ 





where S,(w) is the spectral density of Z,,, and S,(w) = 
= Sa2(wW) =Spe(w) are the spectral densities of the 
“amplitudes ® of high-frequency noise. 

When the expression Sz, (w) for the spectrum of the 
noise itself is at one's disposal, S,(w) is evaluated with 
the aid of the formula [3] 


5, (o) = 
Ss _ 
= — \ COS WT dt\ Sz,(m) cos (@ — wy) tdw 
0 0 
We also notice that (13) can be simplified by making 
use of the formula 


(14) 


| Dy (Je) |? + | Dz (jo) |? = {| Koi (7m) |? + 


(15) 
+ | Kop (jo) |*) | Ky (jo). 


which can easily be obtained. 

The integrals on the right-hand side of (13) have been 
tabulated (see, for example, [4]), and their values ex- 
pressed} directly in terms of the coefficients of the trans- 
fer functions Ky (p) and K,(p), the parameters which de- 
termine the spectral densities of the external disturbances, 
as well as by the linearization coefficient k(9,). When 
the integration has been performed, we see that (13) be- 
comes an equation in 0, which usually is solved graphi- 
cally. 


When f(x) represents the equation of the second -de - 
gree parabola, f(x) = —x? /2 ,then Equation (11)becomes 
linear [k(o.) =—1). 


If the quantity 1/T = ab is introduced (which actually 
gives the gain coefficient of the controlling device), it is 
thenobviousthat o2 = cy +c (1/a%), where c, and q are 
independent of the choice of the amplitude a of the test- 
ing signal. 


It is advisable that the selection of the optimum 
value of a be in accordance with the condition for the 
minimum total error A, which can be given, for example, 
by the expression 


A=a-+ 2, 


that is,in the form of a sum of systematic deviations 
due to the trial disturbance and of random deviations 
due to disturbances not under control. * * 
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As the first approximation, we have 
4 


“opt = V 4c, . 
Some examples of the evaluation of systems are 
now given: 
1. Let 


, i , 
Ki(P)=Foqq? Aalp)=1, 9 =, 





0°2T » 

S ee 2h ee ae =n T’.38. 

0 (w) T?w? rt { 2 (w) aS, 
Then 

2 o go? — To(T; +To) ps. a 

€ 0 7 f- T (T; + T») a 5a2T? ’ 
ope = =V FAs. 

1 
2, Let Ky(p) = 1, K2(p) = Tpei » g=Arg K, (fw). 


The external acting forces are given by the same 
expression as in the first example. 








Then 

_ _. Te 2T3ct + 27 2T ge? + 273T, + TT 
o? = go? — 

e 0T» Tic* + 72T oct + TT 9c + T* 

oot cia x8 + T 
¢2°T T3°4+T ’ 
where 
4 
¢€ = cos p= 


V1 + T 20? : 


The condition w << w,) was used in the calculations. 
Then [whatever the order of K,(p)] Ky (jw) and K22(jw) 
can be represented by the formulas of the type 
(agjw + a4)/(byjw + by), that is only the terms linear in 
W are retained in the numerator as well as in the de- 
nominator, 

It is obvious that the methods described here can 
also be applied to analyze a more involved case, viz., 
to find the extremum of a function of several variables, 
in particular, when the construction of autocontrolled 
systems by the methods given in [2] is technically 





tlt is advisable to assume in the calculations that,with- 
in the range of realizable frequencies,w << Wp. 

* *But if one starts with the supposition that the quantity 
given is the coefficient b, then the optimum value of 
the amplitude a becomes different. In the examples 
given below, it is obvious thata,,., = 0(T= o). This 
conclusion is in agreement with tro one reached in [5, 
6] for the case of a simpler discrete system where the 
magnitudes of the working and of the trial steps were 
assumed equal or proportional. 





ty 





feasible. They are also useful, at least in principle, to 
synthesize the optimum compensating filters when the 

properties of the object and the external acting forces 

are given. 
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In this article, we analyze a servosystem where a reversive electromagnetic induction clutch which operates with 
low null currents is used. A method of increasing the stability margin of such a system is considered. The experi- 


mental results are also given. 


At the present time, reversive electromagnetic 
clutch drives are used to an ever-increasing extent in 
automatic control systems [1]. The reasons for this are 
that their design is simple and that they have good 
dyfamic properties. For instance, a clutch drive has a 
minimum number of parts in the system, a minimum 
weight per given output power, it can be linked in a 
simple manner with a semiconductor amplifier, etc. 

It is known [1] that, for the normal operation of an 
automatic control system which has an induction clutch 
drive, so-called null currents, which must not fall below 
a certain given magnitude, are transmitted through the 
clutch control windings. An attempt to reduce the null 
currents leads to unstable operation of the system, since, 
apart from other effects, the drive characteristics be - 
come nonlinear, 

In servosystems, the presence of large null currents 
in the clutch control windings results in superfluous 
energy losses, which cause the heating of parts. There- 
fore, it is desirable to reduce the null currents to a min- 
imum. In this article, we shall investigate a servosystem 
with an induction clutch operating with low null currents. 
We shall also explore the possibility of increasing the 
system stability margin. 


1. Operational Characteristics of a Servo- 
system with Small Clutch Null Currents 








On the basis of the clutch motion equations [1], for 
the servosystem illustrated in Fig. 1, we have the follow- 
ing system of equations: 


1 = M,, —M; 

M,, = Co (Bi — Bp) nyo — 0( Bi + BY), 
FB, Stes ste a y-+-)=0, 
F; (Bs, eS ce ee pm, 

di, 


Pig, tvs Wye’ () -|- to, 





T dig 


2 is = he (- ¢) lo» 


where 6 is the angular velocity of the clutch output 
shaft, I is the clutch rotor moment of inertia, Mro is 
the clutch shaft torque, M ; is the loading moment, Cy 
is the proportionality coefficient [1], B, and Bz are the 
values of magnetic induction in the air gaps of the first 
and the second electromagnet, respectively, iy and i, 
are the currents in the control windings, T, and T, are 
the coefficients which depend on the control windings 
inductance, k, is the amplifier amplification factor, iy 
is the null current intensity in the control windings, «€ 
is the amplifier input voltage, E is the voltage supplied 
to the system input, and ny is the turning speed of the 
clutch electromagnets. 


emery 
oe 


Fig. 1. 1) Amplifier; 2) clutch 
drive. 


If we neglect the magnetic flux rise time with 
respect to the current, i.e., if we substitute the B, = fy (i;) 
and B,=f,(i,) functions for the third and the fourth equa- 
tions in system (1), then, considering that there is only 
an inertial load at the system output, Equations (1) can 
be written in the following form: 


1, = M,—M,—®(M,+M,), M=/ (i), 
dt No ’ 
T, ot + ty = gg’ (e)+ i9 li >0) (2 
rl’; +- ig = hap’ (—@) 4-ig (i2 > 0),e = hy (2 — 8). 











‘iy) 
ua- 








Mii) gis) 











— — al 


Fig. 2. 


Here , = 1+] 1", I, is the load moment of inertia, 
r is the reductor gear ratio, and My and M, are the 
moments acting on the rotor due to the first and the 
second electromagnets. 

The approximate shape of the M=f(i) and i= ¢'(e) 
functions is shown in Fig. 2, 

We shall denote: My-Mg, = f, (Ai), and M, + Mg = 
= f,(Aj), where Ai = i,~i,. The approximate shapes of 
the f,(4{) and f,(4j) functions are shown in Fig. 3. 

Then, assuming that Ty,2 = Const, after elementary 
transformations (2), we obtain 


Ii @ 9 _ 4 fi (Ai) 

joldia * fe (on? 

RA am , padi, Q- 

Ue + (7, + 12) |} dt = 
1p L1+T2dg(e) , T2— 7; do" (e) 
= hap (e) ka Bs 7 “i ka 2 - ae ’ 
¢ = kh, (i -—9), (3) 

where 


¢ (e) = 9 (€) — ¢' (—®), 9” (©) = ¢ (€) + (—-€). 


Thus, a servosystem of the simplest form with 
small null currents in the clutch control windings is 
described by a nonlinear system of equations with vari- 
able coefficients (3). It is important to note that the 
coefficient in front of the derivative 6 in the first equa - 
tion of system (3) changes considerably if Ai varies. 

Its maximum value is equal to Tmax = Pew i.e., 

it is completely determined by the null current i, 
magnitude. For instance, for ig 0, Tmax *@. In the 
latter case, the system of equations (1) assumes the form 
I dQ 


aa = Me — M1 
M1, = Co (ny — 9) B* sign e, 
B (By Fe veeerds Gy ves) m0 0, 
1") iy kee (s) (for “>0), 
“fo |- dy = Kigv (8) ( for <)> 
e =. hy (ie — 0). (4) 


f(a 6109 








ipo 
Fig. 3. 


The analysis of this system of equations is more 
complicated than the analysis of system (3). 

Practice shows that the basic problem which has to 
be solved if the clutch is to operate with smal! null 
currents is the problem of securing the system stability. 

The investigation of the servosystem stability by 
using Equations (3) or (4) is a rather complicated prob- 
lem. An attempt to solve this equation by introducing 
a number of simplifying assumptions leads to contradic- 
tion with regard to the results obtained in experimental 
investigation of such systems. 

In connection with the above-mentioned, one im- 
portant fact should be emphasized, It is not at all 
necessary to reduce the null currents to zero, 


Energy balance calculations show that the losses 
due to small null currents (for instance, constituting 10 
to 15% of the maximum currents) are very small and 
entirely admissible even in servosystems, On the other 
hand, a reduction of null currents to zero complicates 
the system stabilization and its design to a considerable 
extent, since the more complicated system of Equations 
(4) has to be investigated in this case. 


Finally, by using the general motion stability theory 
it is also in this case possible, in principle,to select 
system parameters for which the system is stable; how - 
ever, large amplification factors cannot be thereby 
secured and, consequently, the system accuracy will be 
low, 

Let us consider one of the methods for increasing 
the system stability margin for small null currents — the 
method of compensating the nonlinear characteristics. 


2. The Method of Increasing the System 





Stability Margin for Small Null Currents 





Let us introduce an additional inertialess link with 
the characteristic ¢* (€,) in the servosystem chain, as is 
shown in Fig. 4. Let the ¢* (€,) function be such thar 
the following condition is satisfied: 


0 = no F {k glo” (e;)]} = more, (5) 
where 
pean .. 42(40 
. & Je (Ai) * 
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Fig. 4, 1) Nonlinear element; 2) amplifier; 
3) clutch. 


Figure 5 shows the approximate shapes of the ¢(e), 
F(Ai), and ¢* (€3) functions. 

Then, the system of Equations (3) can be written in 
the following form®: 


T a ee dg 
fa (Ai) dt 


d*Ai 
dt? 


+6 =n)F (Ai), 


(7, + T,) > + Ai= 


T Tod 
= ke Gi (fi) +ha mae ; a (en), 


TT. 





e, = k,(E —9), (6) 


where ¢(€,)= ¢[¢* (€,)]. 

The system of Equations(6) differs from the system 
(3) by the form of the current difference Ai vs. error 
curve, 

We shall investigate the stability of a servosystem 
with an additional link in the case where condition (5) 
is satisfied. 

By expanding the F( Ai) and ¢,(€,) functions into 
the power series 

F (Ai) = 


= hk Ai ft k, Ai? -f- kA ot. see 71 (e;) — 
= ks, + ae? + @,8? + . 


and by substituting them in (6) while neglecting the 
fourth and the subsequent terms, we obtain 


+ 0 = nok, Ai + nok,Ai® + nok, Ai, 


& Ai 
2 die 


T* (ai) %° 
7,7, C4! + (7, +7) + Ai = 


= ke ghey + kas? + kx,89 + (7) 





Se dey 


-|- keg 7 ms 2 (ky + 2ae, + 3a,¢? 


e, = k,(E — 9), 
where T* (Ai) = I,no/f,(Ai). 


Let us apply to the system a constant action E). 
Then, according to (7), the equations for the servosystem 


stimulated motion will be of the following form: 


1 (Ai) “8 +. 0 = B,Ai + ByA® + B3Ai", 
d*Ai ‘ ae . 
T,T, Sr t(T1- ¥ T 3) ~~ +-Ai= 


= — A,6 -b AO p Ea At" Ae 





<< .. 78° 


A d9 ! , 
8 ut 


‘a As 


(8) 





where 


A, = ky ky hy 





Ay = k ht ‘“ Shy h3ay (Ey == 60), Ag = ki kSa,, 
Se T; + + Te 
Mswehgtbteks hen tee 


B, — Noks -+ Wn Aig +- 3h A, 
By = noks + 38ngkyAip, Bs = Noh. 


Here, 6, and Ai, are the respective steady-state 
values of the angular velocity and the current difference 
at the system output,or the particular solutions of (8). 

The T® (Ai) function can be well approximated by 
the relation 
To -+- aAi?® 


we (AZ) = T+o,di° 9 


where Ty, @,, and ag are Constant coefficients. 
In stability investigation, we shall use the methods 
of the Lyapunov general theory of motion stability [3]. 
Let us consider the first approximation of the system 
of Equations (8), After reduction to the normal Cauchy 
form, we obtain ; 

















ie. ay B4 
Ge a°K* kh” 
dz — ee ee 4B, \ zr (9) 
a”. .CON Te ' TTT! * 
i facie Ay ™M+-Ts_ 
r (rar r7,)¥ eee 
F(av) yey ¢"t,) 
ry e 0 g 
Fig. 5. 





*In order to simplify calculations, the last term of the 
second equation in (3) is assumed to be equal to zero, 
since the magnitudes of T, and T, differ little from each 
other, and dg(e)/dt >> dg"@€)/dt. It can be shown that 
the retention of this term would not affect the results to 


be obtained later. 








where x = Ai and y= 9. 

On the basis of one of the well-known Lyapunov 
theorems, the servosystem motion will be stable if all 
roots of the characteristic equation of system (9) are 
negative. 

The characteristic equation of the first-approxima- 
tion system of equations is of the form 


ayp* -|+- a,p* + agp +a; = 0, 
where 


ao ae T6137; a, = 7T,T. -\- TT, ob T.T's, 





(T Fo 877. + Tew SS. 7 tT, +7: + 5(Ti +7) A,B,| > 0, 
(7,72 + ToT, + ToT)? [To + Tr + To 


An analysis of inequalities (11) shows that the A,B, 
product must be a sufficiently small quantity (positive 
or negative) if these inequalities are to be satisfied. 

For instance, for T, = 0.15, T, = 0.05, and T, = 0.01, the 
system will be stable if the product A,B, value lies in 
the —3 <A,B, <1 interval. 

We shall determine the conditions for the smallness 
of the A,B, value by developing the expression for this 
product: 


A,B, => 
= Kahkyhgk ny + Kgkyky (2nykgAt, + SngkyAio) + 
+ Qakigh> (Eq — 9.) (Kgrty + 2nykgAi, 4- 3n,kyA) + 
+ Baryhiy kz (2, — 0,)? (kart + 2rigkghiy + 3nykyAis). 
(12) 


It is obvious from expression (12) that the value of 
A,B, can be small only if the a and oy coefficients are 
negative. Actually, the values of Ai, and E,—@, are 
positive.t The ks coefficient is also positive, which can 
be readily demonstrated if we consider the character of 
the F( Ai) function (Fig. 5). The kg coefficient can be 
negative; however, it has a small value. Therefore, the 
terms in brackets in (12) in the operating range of Ai 
variations are positive. The first term in (12), which 
represents the amplification factor of an open linearized 
system for Ej=0,has a comparatively large value (it is 
usually equal to 500-1000 and over), Consequently, the 
value of the A,B, product can be reduced only by 
considering the last two terms in (12) for negative values 
of a and o ,t i,e., only if the ¢* (€3) function is de- 
fined. 

It can be readily shown that the necessary form of 
the ¢* (€,) function, for which the a coefficient is 
negative, can be obtained by satisfying condition (5), 





negative if 


equation coefficients in(10), we obtain 


1 - . , al 
+3 (7; + 72) ABy| 43761 PTT 2+ 
4 ToT; 47.1 2)(A + A,B,)—67,7,7 | 7, +71 4-T2+ 5 (Ti t+-T2)A,Bi| >0. 








a,=7o+7,+7,+ A,B, 2 rie 


2 , 
ag = 1 + A,B. 
All roots of the characteristic equation will be 













2at — Gaga, > 0, 


ata, -+- 3491;45 _ Baya? a 0. (10) 


By substituting the values of the characteristic 


(11) 

































The condition (5) will be called the condition for the 
linear compensation of the clutch static characteristic, 

Actually, it can be seen from Fig. 5 that the series 
obtained by expanding the ¢* ( €,) function must have a 
negative sign in front of the second term, i.e., 


P (&1) = rei — ret +... . 


(13) 


This follows also from the manner of composing 
the ¢* (€,) function, which can be written in the follow- 
ing form: 


$1 (€:) = &12 + [s (6,) — |, 


where 6, is the fixed value of the 6 (¢) function, and 
€42 is the corresponding value of €. 

Then,by writing the function which approximates 
the amplifier characteristic in the form 


o(e) = kage + ky, e+... 
and substituting here the value of € from (13), we obtain 


1 (&) = 


= ha fits — (hae — kay) e— hig, M72 8 te’ UVR 
(14) 





TObviously, due to the symmetry of the clutch character- 
istics for a negative signal at the system input, this re- 
mains valid if Equations (8) are composed with respect to 
the negative increment. 

tThe o, coefficient can also be positive. This depends 
on the actual system parameter values. 
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Fig. 6. 


Under the condition where kaytp > katz, Which can 
always be satisfied, the signs in front of the second and 
the third terms in series (14), which correspond to terms 
with a and oy, are negative. 

Thus, it follows from the above that a linear com- 
pensation of the clutch static characteristic provides the 
possibility of increasing the stability margin of a servo- 
system with a clutch operating with small null currents. 
This is confirmed by experiments, the results of which 
are presented below. 


3. Experimental Results 





The experiments were performed with a drive 
which had the following parameters: rotor radius: 26 
mm; rotor thickness: 0.5 mm; rotor moment of inertia: 
1=0.07 g-cm-sec®; maximum ampere -turns in the control 
winding: 550 a, t.; the number of poles in the spider: 6; 
angular velocity of electromagnet poles: ny = 11,800 rpm; 
the maximum output shaft torque: M,,@3 kg-cm; the 
maximum output shaft power: 100 w. 

The clutch operation was regulated by means of an 
electronic amplifier (the maximum control current: 

100 ma). In order to simplify the experiments, the 
¢* (€) function was reproduced by means of a standard 
KNB nonlinear electronic unit. 

It should be noted that the practical realization of 
the ¢* (€,) function in the system does not require a 
special unit; it can be secured by using nonlinear resistors, 
for instance, thyrites, which are connected to the input 
of the amplifier which controls the clutch. This is 
especially easy to arrange in the case where amplifiers 
based on semiconductor elements are used. 

Figure 6 shows the dependences of the clutch out- 
put shaft speed on the amplifier voltage (1) before and 
(2) after compensation of the characteristic for i, = 
= 0.08i,,3,- 

Figure 7 shows the frequency characteristics of a 
closed system (the relative amplitude Ag /Ag,, where 
: Ag, is the input voltage amplitude and Ag is the velocity 
amplitude at the system output, and the phase 8) for 
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Fig. 7. 
ip = 0.08i,,4, when the nonlinear element is absent 


(curves 1) and when the nonlinear element is present 
(curves 2), For the sake of comparison, system charac- 
teristics for norma! (large) null currents ip = 0.32i,,,, 
(curves 3) are shown by dotted lines in the same figure. 
In all cases, the k = k gkyk,k Tn) coefficient was chosen 
in such a manner that the system was stable for any in- 
put signals; it was equal to 36.4, 118, and 1500, respect- 
ively. The frequency characteristics were plotted for 
the large input signal 6, = 0.56 max = 4710 rpm. 

It is obvious from Fig. 7 that the application of 
linear compensation of the clutch characteristics makes 
it possible to increase the system stability margin and, 
consequently, to increase its accuracy for small null 
currents, 

As was to be expected on the basis of the above 
theoretical investigation, experiments showed that, for 
small null currents, the system stability is disturbed 
only when a voltage E is supplied to the system input, 
and it depends only on the magnitude of this voltage 
(i.e., on the value of A,B,). This causes the appearance 
of self-oscillations in the control currents which lead to 
their simultaneous rise. This is illustrated by the oscillo- 
grams shown in Fig. 8. 

The oscillations which appear in the system if its 
stability is disturbed are of a complicated character, and 
they should be studied separately. 

It should be noted that the system efficiency is not 
affected if it is unstable in the above sense; however, 
the energy loss arising in this causes rapid heating in 
clutch drives with a power of over 100 w, and, therefore, 
unstable system operating conditions are inadmissible. 


SUMMARY 


1. A servosystem where a drive with a reversive 
electromagnetic induction clutch which operates with 
small null currents [i = (0.02-0.08)ip ax) is used is 
described by a system of nonlinear differential equations 
with variable constants, The over-all amplification 
factor of a linearized system for which a stable system 
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operation is possible will be much lower in this case, 
which leads to a lower operation accuracy in compari- 
son with a system where the clutch operates with large 
null currents [i = (0.2-0.3)ip,3x). 

2, For small null currents, the system stability 
margin can be increased by using the described linear 
compensation of the clutch velocity characteristic or by 
using a nonlinear element in the amplifier circuit (or in 
the amplifier itself). 

3. The described method of increasing the stability 
margin of a nonlinear servosystem could also be used in 


other automatic control systems if the characteristics of 
their units are similar to the characteristics described in 
this article. 
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ism with independent excitation is investigated. 


The problem of the shortest transient process in electrical servosystems is considered, An electric dc servomechan- 


The maximum dynamic characteristic values of systems with limited values of the torque, the angular 


The operation speed of servosystems is mainly 
determined by the dynamic characteristics of powered 
servomechanisms. The limitations imposed on the co- 
ordinates of servomechanisms do not permit an arbitrary 
increase in the speed of servosystems. 

We shall consider the problem of the maximum 
possible operation speed of electrical final elements in 
servosystems with limited values of the motor torque, the 
motor rpm, and the voltage supplied to the motor arma- 
ture. 

It is assumed that, under the given operating condi - 
tions, the motor heating does not exceed the maximum 
allowable values. It is also assumed that the servomech- 
anism is controlled by changing the voltage which is 
supplied to the armature circuit for a constant excitation 
flux. 

We shall try to determine the maximum operation 
speed of electrical servomechanisms which would be 
compatible with the limitations imposed on the system. 
These evaluations will make it possible to verify the 
maximum possible operation speed of a servosystem or 
to select a final mechanism on the basis of the techno- 
logical requirements imposed on the servosystem. 


1. Equation of Motion of the Servomech- 
anism 





The schematic diagram of the servosystem is shown 
in Fig. 1. We shall investigate the power-controlled 
electric motor. 


Inorder to investigate the servomechanism dynamic 
characteristics, we must know the equation relating the 
monitoring quantity — the voltage U, — to the output 
shaft rotation angle a, or 04. If we neglect the armature 
reaction, the eddy currents, the inductance in the motor 
armature circuit, and some other factors, the equation 
of the motor armature circuit will be of the form 


(1) 


Ua~Emot = TaRa, 


velocity, and the voltage supplied to the servomechanism are determined. 





where E, ot = Kew is the motor counter-emf, I, is the 
armature current, Ra is the armature winding resistance, 
ke is a constant coefficient, and # is the motor excita- 
tion flux. 

The equation of motion of the electric motor shaft 
is of the form 


I I d’a, 


get = Mma M, Se = Mn My, 
where I is the motor and load moment of inertia, re- 
duced to the motor shaft, Mmot = Km? A is the motor 
torque, M, is the load moment, reduced to the motor 
shaft, and k,,, is a constant coefficient. 

From Eqs. (1) and (2), we obtain the equation for 
the controlled servomechanism in the following form: 











I d*a, k kysp* da, ky fP 
di? Ry a = Ry Us — Mj. (3) 


Inorder to generalize the obtained results, we shall 
represent Eq. (3) in a system of dimensionless coordinates 
by introducing the following relative quantities: 

04- Cass /Opas = x is the deviation of the motor shaft 
rotation angle from the assigned value, &4-Wa¢./Wha¢* 
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= y is the deviation of the motor angular velocity from 
the assigned value ,U,/U, pas = u is the control voltage, 
1, /1q bas = ig is the armature current, 1) /l, pas = i, 

is the load current (1, = Mj /k,,%), Wass/Wpas = ¢ is 
the rate of change in the driving action cgg., and 
t/Thas = 7 is the dimensionless time. 

For the basic quantities, we shall use: the nominal 
voltage, the short-circuit motor current, the boundary 
velocity, and the drive electromechanical and angular 
constants, which are equal to 


I bas 
T has Fy igs 
kS nb 


Gp No 


375 M,, ’ Mas = Thasbas 


Let us write the equations of motion (3) and (2) for 
the accepted type of driving actions in terms of dimen- 
sionless quantities: 


d*x dz : 
ee ~*~ 'L® i 
d?z oe . dx 3 . 


The considered types of driving actions are given 
below. 


2. Characteristics of Loads, Driving Ac- 
tions, and Restrictions 








In the majority of cases, servosystems are either 
not loaded with the static resistance moment, when they 
have to overcome only the load inertia forces, or they 
are loaded with resistance moments, which are due either 
to the overbalancing load or to dry friction forces. 

In connection with this, in the first part of this 
paper, we shall consider the inertial forces (I# 0 and 
M, = 0) and the constant resistance moment (I1# 0 and 
M, = const) as loads reduced to the motor shaft. 

The behavior of a system loaded with inertial 
forces and the dry friction moment (I #0 and M;, = 
= M,;sinw) will be investigated in the second part of 
this article, 

For the driving actions, we shall use the actions de - 
fined by a class of reproducible functions of the follow- 


ing form: 
O oss = Ay + A,t, 


where 


A _ [0 o t<0, 
ot or “t>0. 


In particular cases, one of the coefficients — A, or 
A; ~ can be equal to zero, 

As was mentioned in the introduction, in the con- 
sidered servomechanism, the basic restrictions are the 





restrictions with respect to the moment, velocity, and 
voltage, i.e., the following conditions hold: 


d*x 
d=? 
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The above coordinate restrictions are interlinked 
by the servomechanism mechanical characteristic (Fig. 
2). As can be seen from the mechanical! characteristic 


equation 


=o Ro 


the torque developed by the motor, the motor angular 
velocity, and the armature voltage are closely related 
by the static dependence uy = f(M, Ua). Therefore, the 
mechanical characteristic is limited by a certain poly- 
gon, which contains the region of maximum allowable 
values of these quantities. The corresponding sides of 
this polygon of maximum allowable values limit either 
the maximum moment (i,,), or the moment (i,j) 
and voltage (Upja)> OF the moment (ipaq), the voltage 
(Upjg)» and the angular velocity (y,,,). In dependence 
on operating conditions, either addr’, or d*%x/dr? 
and dx/dr and d’x/dr “and u, or d*x/dr?, u, and dx/dt 
will be limited. The regions of possible operating con- 
ditions for the case where i, = 0 and ¢ = 0 are shown in 
Fig. 3. 

With regard to the requirements for the optimum 
conditions in a control process where the maximum 
operating speed is to be attained, it is necessary to ensure 
that one of the restricted coordinates is maintained at its 
maximum value during particular motion stages [1, 2]. 


3. Equations of Isochrone Regions 





In order to determine the maximum capabilities of 
servomechanisms with regard to their operation speed, it 
is necessary to establish relations between the initial 
mismatch values and the optimum transient process 
times, during which the mismatches are reduced to zero, 
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For this purpose, it is convenient to use the method 
of isochrones, which was first used by A. Ya. Lerner in 
the investigation of optimum systems [3]. The isochrones 
represent the totality of initial states of a dynamic system 
from which it passes into an assigned state in the mini- 
mum possible time for an optimum control law. 

For plotting the region of isochrones, it is necessary 
to integrate Eq. (4) and to reverse the direction of time 
T readings, while the time at which the transient process 
is completed is taken as the initial time. For the ac- 
cepted reading direction, the time 8 = T,—T, where 
T, =B. is the transient process time (the isochrone 
time). 

If only the motor torque is limited, the isochrone 
region equation is of the form 


iy = Mage __ Yo a (— #) Be. 

ee ETE 3h te 

In this equation, x, is the initial mismatch between 
the servosystem receiving and driving axes, y, is the 
initial mismatch between the angular velocities of the 
receiving and the driving axes, Be is the isochrone time 
[i.e. the transient process time during which the servo- 
system, under optimum control conditions, passes from 
the initial state, which is determined by the tracing 
point (Xp, yo) on the (x, y) phase plane, to the assigned 
state, namely, to the state defined by the point with the 
coordinates (x = 0, y = 0), ip, is the maximum allow- 
able motor current, which is proportional to the maxi- 
mum torque value,and i; is the load current due to the 
constant resistance moment, 

If the motor torque and angular velocity are limited, 
the isochrones are described by the equation 


y? 
tT=+Y 8+ Sa =ty + 


ma ) 


(Yma * Yo)” 
mar iy 
In this equation, y,,, is the maximum value of the servo- 
mechanism velocity. 

If the motor torque and the voltage supplied to the 
armature circuit are limited, the isochrone equation will 
be of the following form: 


Wo + y,)? 
2 | aR + i) 
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(8) 
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where Uma is the maximum armature voltage, y, is the 
velocity for which the maximum voltage is attained, 
and y is the present velocity on the mechanical charac- 
teristic portion which corresponds to u = Ug. In order 
to determine Eq. (8), the present value of velocity y 
must be expressed in terms of yp. For this, we use the 
expressions for the connection times By and 62, where 








By is the braking time, and 8, is the sum of the time 6; 
and the motion time As for the constant maximum 
voltage: 
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In dependence on the initial system state (x9, Yo), 
a well-defined time 8, must be secured for a given iso- 
chrone time. In connection with this, there is, on the 
one hand, a well-defined relation between y, and y and, 
consequently, between 6, and 6, onthe other hand. By 
using the values y = y,, we plot the By = ¢(y) and 
4B = ¢2(y) curves. For every given y, we find the 
corresponding 6, and, consequently, the value of yp. 

If the motor torque, voltage, and angular velocity 
are limited, the isochrone is described by the equation 


2) = F YmdP. — 1) 


(vx + Yo) (ma* ? —Y¥ma* iy) ‘= ~ 
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The isochrones consist of closed curves composed 
of two branches, which are described by the above equa- 
tions, and of lines corresponding to the restriction of the 
system coordinates, 

In order to plot the isochrone regions, we must 
determine the limits of the servomechanism operating 
conditions. 


4. Determination of the Operating Condi- 
tion Limits 


The servomechanism operating conditions differ 
from each other with respect to the number of restrictions 
imposed on the system coordinates, In our case, we 
shall consider the regions corresponding to operating 
conditions with restrictions pertaining only to the 
moment, restrictions with respect to the moment and 
velocity, restrictions with respect to the moment and 
voltage, and restrictions with respect to the moment, 
voltage, and velocity (Pig. 3). For plotting the iso- 
chrone regions in correspondence to the operating con- 
dition regions, it is necessary to use well-defined iso- 
chrone equations by choosing from (6)-(9) the equation 
corresponding to the given operating conditions. 

The limits of the servomechanism operating condi- 
tions are determined in dependence on the isochrone 
time 8 ,. However, the determinations with respect to 
time are necessary, but not sufficient, conditions, 
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Within limits of the found time determinations, it 
is necessary to provide determinations with respect to 
the initial conditions, 

If, according to the motor operating conditions, no 
restrictions are imposed on voltage and angular velocity, 
the regime characterized by restrictions only with respect 
to the moment will apply for any 8,. The isochrones 
corresponding to this case, plotted according to Eq. (6), 
are shown in Fig. 4. 

If the working mechanism imposes a certain given 
restriction on the motor speed, while no restrictions 
with respect to voltage are present, two regimes are 
possible, For Be < Boi there will be only one restric- 
tion with respect to the moment; for Be > Be 4, two 
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restrictions are possible, The isochrone limiting time 
is determined by the expression 


8... = __Yma_. 
li fagt fp (10) 

In orderto find the equation for the regime limit, 
we shall determine 8,, assuming that the system motion 
corresponds to the limiting case, i.e., although the 
system attains the maximum speed, the braking begins 
at the moment when this speed is attained. In this, 

8 = + 2 4na! ma, 

" ina*'L fina if 


By using Eqs. (7) and (11), we find the regime limits: 


(11) 
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t= +574 


Figure 5 represents the division of the phase plane 
into regions with respect to the character of the optimum 
process phase trajectory when restrictions with respect to 
the moment and speed are present. 

In the region represented by the shaded area A, the 
phase trajectories are limited only with respect to the 
moment. The isochrones for the initial conditions valid 
for this region are found from Eq. (6), and, for initial 
conditions valid outside this region, Eq. (7), which takes 
into account the restriction with respect to speed, holds. 
Figure 5 shows examples of isochrones corresponding to 
different operating conditions. 
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In the case where a definite restriction is imposed 
not only on the moment, but also on the motor speed 
and voltage, three kinds of operating conditions should 
be distinguished, namely, the regime characterized by 
a restriction only with respect to the moment, the re- 
gime with moment and voltage restrictions, and, finally, 
the regime where all three coordinates are limited. 


In correspondence with the above-mentioned, there 
are two isochrone limiting time values Be ji, and Be 42. 
If 


(13) 





y 
BL<B, aj = 7 = 2 , 
ttt th 


Azt 








-L 


Fig. 4. Isochrones for the case where 
only the motor torque is limited 
(ima = 0.25; i, = 0.05). 








we have a regime with restrictions only with respect to 
the moment, and, if 

Bag <BL< BL = Ba + APmaxe (14) 
‘mat L 


—, we have 
ma~ ?— %mat L 





where ‘AB max = In - 


regimes with restriction only with respect to the moment, 
as well as with restrictions with respect to the moment 
and voltage. In this case, a regime with all three kinds 
of restrictions will not be present. 

If Be > Beyj2, all three kinds of operating condi- 
tions will be present. 

In the case under consideration, the phase plane is 


ing to the above operating conditions. 


The equation of the boundary curve which separates 
the region where only the moment is restricted from the 
region where both the moment and the voltage are re- 
stricted (speed restrictions are not present) is determined 
in a similar manner. In this, the isochrone time Be, 


which corresponds to the limiting case, is expressed by 
the relation 
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The operating conditions boundary is determinc4 
by the equation 
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Fig. 5. Isochrones and boundary lines for the case of moment and 
speed restrictions (img = 0.25; i, = 0.05; @ = 0; y.., = 1.0). 
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Fig. 6. Isochrones and boundary curves in the case of restrictions with respect 


to the moment, voltage, and speed (i, 


Yx = 1.0; yma = 1.16). 


= 0,25; i) = 0.05; ¢ = 0; Uma = 1-25; 











The equation of the boundary curve which separates 
the region where the moment and the voltage are re- 
stricted from the region where the moment, the voltage, 
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and the speed are restricted is obtained by eliminating 
the limiting isochrone time which is expressed by the 
relation 
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The regime boundary to be found is described by the equation 
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where 


Yx = Una—? — ‘ma 


Figure 6 shows the division of the phase plane into 
regions, In the shaded area A, the phase trajectories are 
limited only with respect to the moment, the doubly 
shaded area B corresponds to restrictions with respect to 
the moment and voltage, and the region C, encom- 
passing the unshaded band which is limited by the 
maximum speed values, pertains to all three kinds of 
restriction — restrictions with respect to the moment, 
voltage, and speed. The same figure shows examples 
of isochrones for all three cases. 

The asymmetry in the regions of isochrones and 
regime boundaries which are shown in Figs. 4, 5, and 6 
is a consequence of the effect of the load current i,, 
which is due to the overbalancing load. If the load 
current is absent, it should be considered that i, = 0 in 
the corresponding equations. 


SUMMARY 


The obtained equations for the isochrones and re- 
gime boundaries for different cases of operation of 
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powered servomechanisms of electrical servosystems 
make it possible to determine the maximum possible 
operation speed of servosystems. 

By plotting a grid of isochrones for different values 
of the servomechanism and load parameters when the 
region containing the assigned initial mismatches and 
technical requirements imposed on the system is known, 
we are able to ascertain the maximum possible operation 
speed of the designed servosystem or to select a suitable 
final mechanism which will satisfy the technical re- 
quirements. 
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This article presents a calculation method for plotting the static discharge and power characteristics of a “nozzle- 
baffle" element for compressible and incompressible viscous fluids. 


One of the basic elements in pneumatic and hy- 
draulic automation is the “nozzle -baffle™ throttle (Fig. 1). 
The operation of this element is determined by its static 
characteristics: by the discharge characteristic, i.e., the 
dependence of the working fluid mass G which is dis- 
charged through the throttle on pressure pp, before the 
baffle, on pressure pe at the radius of the nozzle end- 
face, and on distance h between the nozzle and the 
baffle,and by the power characteristic, i.e., the depend- 
ence of the force F which is generated by the jet action 
on the baffle on the same parameters pp, Pg, and h. 

In developing a calculation method for plotting the 
static characteristics, it is necessary to distinguish be - 
tween two cases: 4)when the element is used in hydraul- 
ic devices, which means that the working medium is a 
viscous incompressible liquid, and b) when the element 
is used in pneumatic devices, when it can be considered 
that the working medium is an ideal viscous gas, 

In the first case, the method of plotting the static 
discharge G=G(ppo, Pe, h) and power F=F(pp, pe, h) 
characteristics of the “nozzle-baffle” element can be ob- 
tained by solving the hydrodynamic problem of the 
steady-state flow of a viscous incompressible liquid in 
the radial gap which is formed by the nozzle end-face 
and the baffle plate surface. In this, the pressure distrib - 
ution along the radius r of the gap has to be found. 

In the second case, the method for plotting the 
characteristics can be developed on the basis of the 
equation for the pressure distribution along the gap 
radius as found for the first case, which applies to an 
infinitely small volume 2mhdr, where the fluid can be 
considered to be incompressible. After this, the equa- 
tion is integrated for the entire volume by taking into 
account the state equation for an ideal gas and, as a 
result, we find the pressure distribution of an ideal 
viscous gas in the radial gap. The present artjcle invest- 
igates a calculation method of plotting the static dis- 
charge and power characteristics of a “nozzle -baffie” 
element for a viscous incompressible and a viscous 
compressible fluid. Brief information on this work has 
been published in [6] and [9]. 


1, THE CASE OF A VISCOUS INCOMPRESSIBLE LIQUID 


Formulation of the Problem of Steady- 





State Flow of a Viscous Incompressible 





Liquid in aRadial Gap 





By taking into account the axial symmetry of the 
flow under consideration, which makes it convenient to 
use a cylindrical coordinate system (r, z), this problem 
is reduced to determining the pressure field p=p (r, z). 
The system of equations which consists of the continuity 
equation 


dv, v, Ov 


Or 


and the Navier-Stokes equations 


dv, dv, 
ra "a = 
a 1 dp ( > » OC 4 ov, *) 
= — pot’ t tro a) 
Ov, dv, 1 ap 
Ur Gp + Ge = — pet 
dv, ev, 4 Ov, 
+ o(S3+554+432), (3) 


is the basic system of equations to be used in the solu- 
tion of this problem. In these equations, v, and vz are 
the radial and the axial components of the velocity vec- 
tor (cm/sec), p is the liquid density (kg-sec*/cm‘, and 
v is the kinematic viscosity coefficient (cm?/sec). 

Since we shall further consider only those cases 
where the distance h is small, the pressure under the 
baffle plate can be considered to be independent of the 
axial coordinate z, i.e., it can be assumed that 


Op _ dp 
drs dr“ 


For this, Eqs. (1), (2), and (3) form a closed system: 


dv, Ov 


Y, r 
rte t+3, =% (4) 
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dv, dv, 1 dp 


Gta — Ta tT 
dv rv, 4 ov, *r' 
+o( sat aitt aH). (5) 


the solution of which, with the consideration of the 
boundary conditions 


v,(r, 0) = v,(r,0) = 0, 

v,(r, h) = 0 v,(r,h) =0, (6) 
iP Ure) _ Pe» (7) 
\ de = - ; (8) 
0 


where Q is the volumetric liquid discharge (cm*/sec), 
yields the pressure distribution p = p(r) in which we are 
interested and, besides, the velocity fields v, = v, (r, z) 
and v, = vz(r, Z). 

By using the concept of the stream function 
¥ = ¥(r, z), which, by definition, must transform the 
continuity equation (4) into an identity, the system of 
equations (4) and (5) and the corresponding boundary 
conditions (6)-(8) can be conveniently represented in 
the form of the equation which determines the stream 
function: 
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Pig. 1. Diagram of the *nozzle- 
baffle” element. 1) Baffle; 2) 
nozzle; 3) radial gap; r,, is the 
nozzle radius, and r, is the end- 
face radius; p,, is the pressure at 
the nozzle radius, and pe is the 
pressure after throttling. 








the relations which determine the velocity fields with 
respect to the stream function: 
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and the equation which determines the pressure field 
with respect to the velocity fields: 


1 dp _ Ov, dv, 
p dr — 8 Gp — MG T 
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In solving Eq. (9) by taking into account relations 
(10), it is necessary to consider the boundary conditions 
(6) and (8), and in integrating Eq. (11), condition (7) 
must be taken into account. 

Thus, after integrating Eq. (9) and taking into 
account (10) and (11), we shall obtain the velocity field 
under the baffle plate and the pressure distribution in the 
radial gap. 


Analysis of Some Known Solutions 





Before obtaining the general solution of the problem, 
let us determine to what extent the solutions obtained 
for certain coarse approximations correspond to the ac- 
tual conditions, 

If we assume that the liquid is not viscous (v = 0), 
we shall obtain the Bernoulli integral as the solution of 
Eqs. (2) and (3): 


v2 Pe v 
Z 4 — = gl 
gt fess wae 
where 
ye i angle 
7 2nrhp°® 2 2nrhp : 


For this, the pressure field in criterion form will be 


B—Be=—12.5A%(a?—1), (13) 





where 
_ __ph*p : Pelt*p 
prs, 102 ; a pire 102 ’ 
sat Gh Te 


Tote » a — 
mur? 102 r3 


p is the pressure under the baffle plate at the radius r 
(kg/cm), pe is the pressure at the nozzle end-face 
radius (kg/cm”), u is the dynamic viscosity coefficient 
(kgesec/cm?), t, is the nozzle end-face radius (cm), h 
is the gap ueewsen the nozzle and the baffle (cm), r is 
the present radius (cin), and G is the mass discharged 
(kg-sec/cm). 


* As in Russian [Publisher's note]. 








If we neglect the inertia terms in Eqs. (2) and (3), 
but consider that the liquid is viscous, the pressure field 
will be of the form 


B — B. = 6A lina, 






,) (14) 


This relation is given in [2]. 
Paper [3] provides the approximate solution of the 
system of equations (1)-(3): 


B— B. = 6A Ina — 12.5A? (a? — 1), 


Paper [4] provides the equation for the pressure 
distribution in the radial gap: 


B— Be= 6A Ina —19.3A? (a? — 1), (16) 


which represents a linear combination of approximate 
solutions (13) and (14), and secures a parabolic radial 
velocity component distribution inthe axial direction. 
This assumption determines the coefficient in front of 

' the term that characterizes the pressure field in the case 
where viscosity is neglected. 

d In Fig. 2, all the above solutions are compared 


(15) 


he with each other and with the experimantal data borrowed 


from [4]. 

Curves 1, 2, 4, and 3 correspond to solutions (13), 
(14), (15), and (16), respectively. The solid lines per- 
tain to divergent flow, and the dotted lines pertain to 
convergent flow. The points mark the experimental 
data which were processed in terms of the same criteria; 
the white and black points correspond to divergent and 
convergent flows, respectively. The experiments were 
performed with a nozzle with r, = 0.384 cm and 
te = 5.24cm. Water was used as the working liquid. 
Divergent flow was investigated for the gap h= 0.0367 
cm between the nozzle and the baffle plate, the dis- 
charge Q = 36,4 cm*/sec, and the temperature t = 12°C, 
while the dynamic viscosity coefficient was » = 0,0124 
g/cm:sec. Convergent flow was investigated for 
h =0,0356 cm, Q = 9.61 cm*/sec, t = 14°C, and 
# = 0.0117 g/cm: sec. 

An analysis of the diagrams in Fig, 2 makes it 
. possible to draw the following conclusions: 

1. Solutions (13) and (14) do not accurately repres - 
ent the actual pressure distribution pattern; curves 1 and 
2, which correspond to these solutions, do not even 
qualitatively agree with experimental data. 

2. Solution (15) reflects the pressure distribution 
pattern more accurately, but the corresponding curve 4 
still deviates to a great extent from the experimental 
curve, 

3. Equation (16) yields a pressure distribution which 
is in good agreement with the experimental distribution 
for divergent flow (solid curve 3), while the correspond- 








ence is less accurate for convergent flow (dotted line 3). 


However, this equation, since it is a semiempirical 
equation, is not rigorously defined, and, therefore, we 
cannot be sure that it will agree well with experimental 
data under different conditions. 












Therefore, it became necessary to find a more 
rigorous solution of this problem. 


Determination of the Stream Function 





and of the Velocity Field 





By using the same procedure as in [1], we shall 
assume that the stream function can be represented as 
the series 


a, (2) 
Tei * 


(r, 2) = >) a7 


k=1 


By substituting (17) in Eq. (9) and in relations (10), 
after some transformations, we obtain 
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v, = 5 we a, eS) 


k=1 - 


~ 3 42a—. 
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(19) 


By now equating in (18) the coefficients in frortt 
of terms with equal powers of r, we shall obtain the 
following system of ordinary differential equations with 
respect to the a} = a;,(z) function: 


a" =0, 
a; v= 0, 
a3. << ~ aya, 
: (20) 
se 9 i 
hig Cre. ss = >} 00; 542 — = ~ > (i—j + 1) 


’ j=t ” jm 
(a; ai-j+2 —@5 4,545) Tt (i+2) Gi+i 
+ +» 00). 


By integrating these equations, the a), = a,(z) 
functions are determined with an accuracy equal to that 
of the arbitrary constants, The substitution of these 
functions in (19) makes it possible to determine the 
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velocity distribution after finding the arbitrary con- 
stants by using conditions (6) and (8). 
By using the notation 


v 35 
Ve rad—ahe(s) te: 





PER peated. 35 7 (21) 
v= leroy —t|ee: 
Zz __ Ugh ue Q 
= y, Moms) (%™ tek 


and noting that the functions a, = 0 for even values of 
k, the found velocity distribution law can be represented 
in the following form: 

in the first approximation (k = 1) 


_ V,=0; (22) 


in the second approximation (k = 3) 


V,=(4 —0)(4 — 20) (C2? —6 — 1), 
Vp ms 7(¢ 

in the third approximation (k = 5) 
V.=(1—0)(4— 2) (C6 —1) + (+) px 
at —>) 


(23) 
—1%°+20— 76-7); 


x (S04 2 Boy Soe 


h 1 (82p9 165, 
— Re= =A ° — 5 C 


r 


+Fe~— se 


48 17 6 
= ae + 7e= : i met m0)" (24) 


Vim 7(e— 20+ 504 5 





on» Re (3 Peas Ste + ot (7? — ors — 
12 Ma 3 Be, 53, 
— FO t 98 — oP — ia’ + is) 


The Pressure Field 





By substituting now the expressions (22), (23), and 
(24) in Eq. (11)T and by integrating it while taking 
into account (7), we obtain the pressure distribution: 


in the first approximation 


7G "s {1 i 
spam Pe= = 0.125 — aia | <a r2 | 
bs 


and in the criterion form 


B— Be = 6A Ina — 12.5A*(a?—1); (26) 
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Fig. 2, Pressure distribution along the baffle plate 
radius, B-B, = (p—pe) * n* pfu 4107 is the 
dimensionless pressure drop. 





in the second approximation 


6Gy I L 
P— Pe= Ss In © 50.1678 ©. 2 (a— 73) 
\Te 
and in the criterion form 
B— Be=GAInz —16.7842(22—1); (28) 
in the third Fee negener: 
PI = ain € e.4. G78 i (3 aire ‘:) + 


2 r 

ve ‘ 
G? 1 \ 

. 0.001425 2 (-. — *) 4 
= rs} . 


+ eee itt (29) 
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T It should be noted that, here, the v, = v, (t, z) and 
V, = Vz(t,z) functions which are represented by a finite 
number of terms of the series are substituted in (11), 
which leads to contradiction: dp/dr depends on z. In 
order to eliminate this contradiction, averaging with 
respect to z is used. 
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9) 








and in the criterion form 


B — Be = 6A Ina. — 16.784? (a? —1)— ag 


~ 0.142.428? (at — 1) — 3.6743 (at — 1), 


where 6 =h/r,. 

Figure 2 shows a comparison between the obtained 
pressure distribution relations (26), (28), and (30) and 
experimenta) data. It is obvious from the comparison 
that Eqs. (26), (28), and (30) (curves 4, 5, and 6 
correspond to these equations in Fig. 2) define pressure 
distributions which are the closer to the experimental 
distribution, the larger the number of terms of the series 
that are taken into account. For convergent flow, 
these equations provide a better agreement with exper- 
imental data than Eq. (16). 

Thus, Eqs. (26), (28), and (30) for the pressure 
distribution under the baffle plate, which are obtained 
by solving the hydrodynamic problem and which are in 
good agreement with experimental data, can be used 
for calculating the pressure distribution as well as for 
determining the static discharge and power character - 
istics. It is obvious from Fig. 2 that the third approxi- 
mation (curve 6) provides only an insignificant im - 
provement in accuracy in comparison with the second 
approximation (curve 5), but it yields an equation 
which is much more complicated for use in calculations. 
Therefore, for determining the pressure field as well as 
the discharge and the power characteristics, it is ad- 
visable to use the second approximation (28). 

The Discharge Characteristics 





If we consider that the liquid flowing through the 
nozzle is not viscous, this will permit us to express the 
pressure p, at the nozzle radius in terms of pressure 
Po before the baffle and in terms of discharge G. In 





this case, 
Pa= Po + Ur (31) 
where 
- 
Mg =F \ Mit = a (32) 
6 


With this, Eq. (31) in the criterion form will be 








B,— B, = —12.5A*%at (33) 
where ’ 
B, = Pa! i B, = Polt*p Se = "Te 
= ; a . a= Te 
p? 10? pare: 10° ra 
(34) 


By applying now Eqs. (26), (28), and (30) to the 
point r= rp, i.e., by substituting in them a = a; and 
B = B,, and eliminating B, from them according to 





Eq. (33), we shall obtain the following discharge 
characteristics of the “nozzle-baffle* element: 
In the first approximation 


By —Be=6Alna,+ 12.54%, (35) 


in the second approximation 
B,—B, =6A Ing, + (16.78 — 4.28 a”) A, 
(36) 


in the third approximation 


B, — Be =6A In ay + (16.78 — 4.28 02) A* — 
— 0.142.428? (at — 1) — 3.67 A? (oq — 4). 


(37) 
If we take into account the viscosity of the liquid 


flowing through the nozzle, the discharge characteristic 
in the second approximation will be of the form 


A 
B, — Be = 6Alna, + 8-2 + 


a (38) 
2 
+ (16.78 — 29.28 a) 4+ 50083), x = if 
where I is the nozzle length (cm). 

Figure 3 shows the family of discharge characteris- 
tic curves (36) with respect to a, which are plotted in 
terms of criteria that do not contain the nozzle para- 
meters: 


‘eee Fe a 
~~ enh - 102” ~ pt. 108?" 


f 


It is obvious from the figure that the curves inter- 
sect and that they have pressure drop values for which 
discharge does not occur at all, However, neither of 
these conditions can actually be realized. The contra- 
diction can be explained by the fact that a finite num- 
ber of terms of the series were used and that the liquid 
flow losses in the 0 =r =r, region were not taken into 
account. This contradiction limits the regions where the 
solutions are valid in the following manner: 

for a, < 1,98 


4.09 —6 Ina, 
. = , 
lim “(16.78 — 4.28%) 





and for 1.98 < a, < 1.98? 
6 In 1.98? — 6 Ina, 


4,28 (1.98* — a?) ° 





Alim= 


Figure 4 shows a comparison between the discharge 
characteristics for different gaps h between the nozzle 
and the baffle, calculated according to the second- 
approximation equation (38), and experimental data 
which were processed in terms of the same criteria. 
The theoretical curves are shown by solid lines, and the 
experimental curves are represented by solid lines with 
points. The experimental data, which were borrowed 
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from [5], were obtained for a nozzle with d, = 0.6 mm 
and d, = 0.95 mm, where the working liquid was AMG-10 
oil at t = 50°C with the density p = 8.66 x 10°" kg: sec” 
per cm, and the dynamic viscosity coefficient 
= 8,66 x 107° kg-sec/cm’, 

It is obvious from the comparison that a good 
quantitative agreement is secured for numbers A = 2 
and B~B, =30, while, for numbers A > 2 and B—Be > 30, 
a good qualitative agreement and an insufficient quant- 
itative agreement is obtained. This unsatisfactory quant- 
itative agreement can be explained by the fact that the 
solution was obtained for laminar flow and that the dis- 
charge A values exceed the maximum value. 
The Power Characteristic 


Equations (26), (28), and (30) express the law of 
pressure distribution under the baffle plate in those cases 





Fig. 3. 





where rp =r =fe. Moreover, the pressure at the baffle 
center, where r = 0, can be considered to be known, since, 
here, p = pp. 

Let us assume that the pressure between the points 
r= 0 and r = rp is linearly distributed, i.e., 





(39) 


Thus, the pressure distribution over the entire baffle 
surface is known. 

After integration, we obtain the following power 
characteristics of the “nozzle-baffle” element: 

in the first approximation 


D = 3A (a} —1) + 12.5A%a5( —2Ina,); (40) 














4000 6, be 


Fig. 4. 


in the second approximation 
D = 3A(a,—1)+ 16.78 .A2a7,(0.248 — 2 Ina); 
(41) 
in the third approximation 
D =3A(ah— 1) + 16.78A%a? (0.248 — 2 Ina,) — 
— 14.28.4°B? (1 — a.%)y — 3.675.491 — 02)2(4 
where 
=P. 
mptre re 10? 
Figure 5 shows the family of power characteristic 


curves (41) with respect to a, which are expressed in 
terms of the criteria 


D= 


; F ; h? - Bh 
D = ee. 7 =—_ Po P — e 
eto” 0 tage 2 =e 


It is obvious from the figure that: 
1) If re /h = const, for an increase in op, the 
dD* 


derivative — 
d (B,— By) 


decreases, i.e., if 
( Bo B,)=0 
t, decreases for the same pressure drop value Ap at the 
"nozzle -baffle* throttle, the force becomes smaller; 


2) If o&, = const, h = const, and Ap = const, while 


‘ dD* 
Ly a ae 
e increases, > (Be — Te) 





becomes 
(3;—2)=« 





larger, and the force increases, i.e., if r, and re increase 
by the same amount, the force becomes larger; 

3) If r,, = const, h = const, and Ap = const, while rp 
increases, it can be readily shown that 
a Setar increases, i,e., the force be~ 
d(B, — Be) B.— B= 


comes larger; 





4) If fe = const and h = const, the larger a), i.e., 
the smaller r,, the smaller the Ap values for which the 
force becomes negative; 

5) If a, = const and h = const, the largerr, and [p,» 
the larger the Ap values for which the force becomes 
negatives 

6) If tr, = const and h = const, the larger r., the larg- 
er the Ap values for which the force becomes negative. 

Thus, by solving the system of hydrodynamic equa~- 
tions for an incompressible viscous liquid, we have ob- 
tained the following characteristics: 

1) the pressure field under the baffle 


B— B,= 6A Ina — 16.78 (a* — 1) A’, 
2) the discharge characteristic 
By — R, = 6A na, + (16.78 — 4.28 ad) A*, (4) 
3) the power characteristic 


(43) 


D = 3A(ag--1)+ 


+ 16.78 A*a%, (0.248 — 2 In a). (45) 


Consequently, if we know the pressure drop By~Be 
at the"nozzle-baffle “throttle and the nozzle parameters 
Gp, we can find the discharge A from Eq. (44), and, if 
we know A, we can determine the force D by using (45) 
and the pressure field B—B, under the baffle by using 
(43). The obtained results are valid only for laminar 
flow. 

If the “nozzle -baffle” element is used in pneumatic 
devices, where the working fluid is air, the pressure field 
and the discharge and power characteristics for an ideal 
viscous gas must be obtained. For calculating the pres- 
sure field of a viscous compressible fluid, we shall use 
the pressure distribution obtained for a viscous incompres- 
sible fluid and applied to an infinitely small region. 
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2. THE CASE OF A VISCOUS COMPRESSIBLE FLUID 


Determination of the Pressure Field under 








the Baffle 





By using relation (28), we shall write the expression 
for the pressure drop dp for an infinitely small element 
with the radius dr, where the liquid can be considered to 
be incompressible, i.e., where p = const: 





_ ‘Gy r+dr_ 
dp = rh*p I r (46) 
G? { 
— 0.1678 ier loan — |. 


By expanding In (r + dr)/r into a power series with 
respect to dr,and by neglecting small quantities of the 
second order, we obtain 


6Gp d Gd 
dp = — aap + 2-0.1678 iss. (47) 
If we consider the fluid to be an ideal gas and as- 


sume that the flow is polytropic, we obtain 
e ifn 
atm 


where n is the polytrope exponent, and p * is the density 
at atmospheric pressure Parry: 

If we substitute relation (48) in relation (47) and 
integrate the obtained expression, we shall find the pres- 
sure distribution along the radius, which will have the 
following form when expressed in terms of criterion 
numbers: 


nti aH 
B* —B” =*+*(64Ina— 
(49) 
a 
— 16,78.A? (a? —1)| Brn 
where 
__ _Phip* pe de 
ptr? - 40%" ee: ptr? . 102” 
 &B 4 iy Gh i 
Barm =: tm“? A = a= “2. 


we 4 ard to" 


If the process is isothermic, i.e., n = 1, the pressure 
distribution along the radius will be 
Bt — Be= 2(6A Ina — 16.78 A? (a? — 1)] Bem 
(50) 
An approximate solution of the system of hydro- 
dynamic equations for a viscous coimpressible fluid has 
been obtained in [7], which is here presented in terms 


of the same criteria numbers: 
n+i n-+t 


B” —B," 


n+ 4 
eo =" t* 164A Ina — 


(51) 
1 


— 21A*(a* — 1)] Batre 


The Discharge Characteristic 


If the fluid flowing through the nozzle is considered 
to be compressible, but not viscous, then, by means of 
the St. Venant— Wenzel equation, we can express the 
pressure p, at the nozzle radius in terms of the pressure 


Po in front of the baffle and the discharge G: 
1 





n—tiL n—1 
n—1] ow B® 
ane | a, ay = | = 12.5 re 


where 
R. — _Polttp_ _ —. ce 
i. pire 10?” pire. 10* 


By applying relation (49) to the point r = r,, i.e., 
assuming that o = a, and B = By in this relation, and 
by using relation (52), we shall obtain the discharge 
characteristic for a polytropic fluid outflow from the 
“nozzle -baffle* element: 


n—- = = 2 Bem 
=!|pB," — a, * |= 12.54%? 2 


n n Bn . 
att Stt ‘ 
By” —R” =7+*(6Alna, — 
— 16.78A? (a3 — 1)| Bitte (53) 





ed 





If the fluid outflow is considered to be isothermic, 


p 
P atm 


By substituting this relation in the Bernoulli equation 
for a compressible fluid: 





p= Pp (54) 


Pm 
Pp d r 
+ \ oes Pe (55) 
\ pt 2 0, 
Pe 
where 
- { -} G 
Up a (>, dz = “atm 
n J Aa énr hp p*' 
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and by integrating the obtained expression, we shall find 
the relation between the pressure p, at the nozzle radius 
and the pressure p, in front of the baffle: 


B 
In 2° = 12.54%, —atm, (56) 
By B? 


If we apply relation (49) to the point r = rp and use 
relation (56), we obtain the discharge characteristic for 
an isothermic outflow from the “nozzle-baffle * element: 


B, = 





= V BY + 2(6A Ina, — 16.784? (a — 1)] BX 
12.5A%02 Byer 


Re 7, fan 2(a2 __ . 
BY, + 2[6A In ag— 16.784? (a? — 1)] B, 


(57) 


Figure 6 shows a comparison between the discharge 
characteristics calculated according to Eq. (57), which 
are represented by a solid line, and experimental data 
for different distances between the nozzle and the baffle 
plate, which are plotted as solid lines with points. The 
experimental data, which were taken from [8], were ob- 


x exp 





tained for a nozzle with r, = 0.613 mm and te = 1.61 mm. 


The working fluid was air, for which p* = 11.8 x 107! 
kg-sectcm*, u = 1.845 x 107F° kg: sec/cm?t = 20°C, 
and Patm = 746 mm Hg. 

It is obvious from relation (57) that, for a certain 
value of A, the expression 

B: + 2[6A Ing, — 16.78A® (a,— 1)] Bom 
becomes equal to zero, and B, becomes indeterminate. 


If we develop this indeterminacy, we find thatB,->a 
for 


B: -+-2[6A Ina, — 16.78 A? (a4 — 1)) Paenr> 9. 
Consequently, the calculated discharge character- 
istics will have asymptotes, whose equation will be 


Bt -+- 2(6A Inae,— 16.78 A? (ai — 1)) Baam= re 
It can be seen from Fig. 6 that the theoretical 


characteristics are qualitatively in good agreement 
with experimental data, while their quantitative agree- 
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0123 45 6 7 86 9 6-6, 
Fig. 6. Dependence of the discharge of a viscous 
compressible fluid through the “nozzle-baffle” 
throttle on the pressure drop at the throttle for 


different gaps between the nozzle and the baffle 
plate. 





ment is not satisfactory. The quantitative disagreement 
becomes greater with an increase in the gap h between 
the nozzle and the baffle. The correction for the 
theoretical characteristic, which is obtained by taking 
into account the viscosity of the fluid flowing through 
the nozzle, is negligibly small and does not reduce the 
disagreement between the theoretical and experimental 
curves. Consequently, the quantitative disagreement 
can be explained by the fact that the outflow becomes 
turbulent, while the turbulence increases with an in- 
crease in the gap h between the nozzle and the baffle, 
and also by the fact that the discharge values exceed 
the maximum value. 


The Power Characteristic 


Relation (49) describes the pressure distribution 
along the end-face radius fort, =t =f. Moreover, it 
is assumed that, for 0 =r =rp, the pressure changes 
according to the equation 


p=p_y— ee. (59) 
a 
Thus, the pressure distribution law for the entire 
baffle plate surface is known, By integration over the 
surface, we obtain the power characteristics of the 
“nozzle -baffle” element for a viscous compressible fluid: 
1 








f 2 ‘Barm\" 


(12A —4 + 16.784?) (+ an + =~). 


(60) 
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D=— SS - 
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If n# 1, B, is determined by relation (52), and the 
discharge criterion A is determined by relation (53), If 
n= 1, B, is determined by relation (56), and the discharge 
criterion A is determined by relation (57). 


Figure 7 provides a comparison between experiment- 
al data and the calculated characteristic of the force 
action on the baffle, which was obtained for isothermic 


flow according to Eq. (60). The characteristics were 


determined in dependence on the distance h between 
the nozzle and the baffle for a certain given pressure 
drop. The experi:nental data, which were borrowed from 
[8], are represented by the line I, and the theoretical 


curve is shown by the line II, The criterion 


D® = F/tpet,” is plotted on the axis of ordinates, and 
B, = peh* p* Me: 10*is plotted on the axis of abscissas. 
The experiments and calculations were performed for 
air for ty = 0.5 mm, Gy = 4.45, pope = 0.5 kg/cm’, 
“= 1,845 x 107" kg. sec/cm’, and p* = 11.8 x 107° 


kg-sec”/cm‘, 


It is obvious from the figure that, also in this case, 


a good qualitative agreement is observed, while the 


results do not agree quantitatively, which also indicates 
that the flow is turbulent and that the discharge A values 


exceed the maximum values. 


SUMMARY 


1, The pressure field under the baffle plate and the 
discharge and the power characteristics of a “nozzle - 
baffle* element for a compressible and an incompress- 


ible viscous liquid flow were obtained. 


2. The applicability limits for the theoretical dis- 


charge characteristic were established. 


3. The theoretical characteristics for an incompress: 
ible fluid were compared with experimental data. A 


good agreement was observed for Reynolds numbers 


smaller than 800, For Reynolds numbers larger than 800, 
a good qualitative agreement was observed, while the 


quantitative correspondence was not satisfactory. 


4, We compared the theoretical characteristics 
for a compressible fluid with experimental data, and it 


was found that a good qualitative agreement exists 


even in the region of discharge A values which exceed 


the maximum value, 

5. We investigated the influence of the nozzle 
parameters r,, and re on the discharge and the power 
characteristics. 
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Fig. 7. Dependence of the force acting on the baffle plate 
from the side of the viscous compressible fluid stream on 
the gap between the nozzle and the baffle. 


~— 
. 


a 


» 





LITERATURE CITED 
N. A. Slezkin, “Viscous liquid flow in a cone and 
between two cones,” Matematicheskii Sbornik 42, 
1 (1935). 
T. M, Bashta, Aircraft Hydraulic Drives and Units 
{in Russian] (Oborongiz, 1951). 
N. P. Shumskii, "Results of experimental and 
theoretical investigations of control devices of the 
*nozzle-baffle’ type," Systems, Devices, and Ele- 
ments in Pneumatic and Hydraulic Automation [in 
Russian] (Izd. AN SSSR, 1959). 
J. H. McGinn, “Observations on the radial flow of 
water between fixed parallel plates," Appl. 
Scient. Res. A. 5, 4 (1955). 
I, M.Krassov and B, G, Turbin, "Dynamic effect 
of flow in a ‘nozzle -baffle hydraulic amplifier;" 
Avtomiatikai Telemekhanika 20, 12 (1959).¢ 
E. A. Andreeva, "Calculation of static characteris- 
tics of the ‘nozzle-baffle’ element,” Systems, De- 
vices, and Elements in Pneumatic and Hydraulic 
Automation [in Russian] (Izd. AN SSSR, 1959). 
‘-M, Raymond Comolet, “Nombre de Reynolds 
critique d'un &conlement visqueux, radial diverg- 
ent entre deux plans parallélesS L'Academie des 
sciences, Paris,Comptesrendus 244, 11 (Fevrier, 
1957). 
V. N. Dmitriev, Experimental and Theoretical 
Investigation of a Pneumatic Relay of the 
“Nozzle-Baffle” Type: Dissertation for the 
Degree of Candidate of Technical Sciences 
(Institute A vtomatiki i Telemekhaniki AN SSSR, 
1955). 
E, A, Andreeva, “Calculation of static characteris- 
tics of a pneumatic ‘nozzle-baffle' element,” 
Problems in Pneumatic and Hydraulic Automation 
[in Russian] (Izd. AN SSSR, 1960). 


+See English translation. 








DYNAMIC CHARACTERISTICS 
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The structural layouts and the basic dynamic characteristics of a linearized “jet amplifier — servomechanism" 
system are investigated for the cases where single- and two-stage amplifiers are used. 


Theoretical and experimental frequency characteristics are given. 


The aim of the present article is to determine the 
basic dynamic characteristics of a linearized “jet amp- 


lifier — servormechanism™ system for the parameter inter - 


val which is encountered in industrial devices. 

Figure 1 shows the schematic and the structural 
layouts of elements in a “single-stage amplifier — servo- 
mechanism" system. The presence of a velocity feed- 


back section in this layout is determined by the fact that, 


when the servomechanism is immobile, the pressure drop 
in the receiving nozzles of the nozzle plate differs from 
the pressure drop behind the receiving nozzles when the 
servomechanism piston moves. The hydraulic phenom- 
ena which occur in this case have been considered in 
detail in [1]. 


The jet tube motion is generally described by the 
differential equation* 


{ d*s, ds; (1) 
Toy (te at + A it ra + Mj, °;) = M,. 


where 1}, is the moment of inertia of the jet amplifier 
kinematic system, equal to 2 x 10-8 kg-cm-sec”, H;, is 
the coefficient of viscous friction, which arises due to 
the fact that the jet tube end is immersed in the amp- 
lifier oil tank (on the basis of our experimental data, 
which are given in [2], the value of Hj, depends on the 
input signal frequency w and is equal to 1,1 x 10° 
kg-cm+sec), Mz is the control moment which is applied 
to the jet tube, Mc max = 35 x 10"? kg-cm, 9; is the 
linear deviation of the jet tube end with respect to its 
equilibrium position, 95 max = 0.15 cm, Lit is the jet 
tube length from the rotation axis to the outlet section 
of the conical endpiece, equal to 16.6 cm, and Mj, is 
the moment due to the mass of statically unbalanced 
elements of the amplifier kinematic system which is 
reduced to the jet tube and is equal to 2 X 1075 kg* cm. 
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Fig. 1. I) Working agent feed; II) control 
moment; III) to regulating unit; 1) jet tube; 
2) nozzle plate; 3) velocity feedback; 4) con- 
necting lines and servomotor. 


The transfer function of the first element in the 
structural layout — the jet tube — will be written in the 
following form: 





W,(p) = <i = ko 
where 
ky = Lj /M i» TY = lit /M jp T,= jt/ ie: 


* This equation is somewhat different from the similar 

equation given in [2], since a combination of a jet tube 
with two springs can be considered as a particular case, 
which is encountered only in certain types of regulators. 
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With the numerical values, this equation will be 


o 8200 
Wo(p) = pP+0.54Vo p+i° 





In order to obtain the over-all jet amplifier charac- 
teristic, it is necessary to consider the equation which 
characterizes the pressure variation in the receiving 
nozzles when the jet tube is deflected. This dependence, 
which has been considered in [1], has a rather complicated 
form; however, it can be considered as linear if we 2s- 
sume with a certain degree of accuracy that the oil does 
not move in the receiving nozzles. According to the ob- 
tained experimental data, this characteristic remains un- 
changed in a wide range of the working medium pressure 
values at the jet tube inlet (Pj, = 3-20 kg/cm?) and is 
described by the equation 


io} 
wa oe 
where Ap__, is the pressure drop in the receiving nozzles, 
and pj, = “8 kg/om?, 
The second element in the structural layout — the 
nozzle plate — can be considered as an amplifying sec- 
tion with the following transfer function: 


Wi (p) = —t = ky = 42.8 kg/om?. (4) 


The equation for the connecting lines and the servo- 
mechanism (without taking into account dry friction and 
pure delay) will be: 


mn , 5 
Mm ai on +h, mM a AP see = 


where my = M,) + Mo; M,, is the servomechanism 
piston mass and the reduced mass of all kinematic 
system links connected to the piston, approximately 
equal to 0.11-0,.13 kg-sec*/cm, and mg is the mass of 
the working liquid in the servomechanism cylinder and 
pn Ge Sgr which is reduced to the piston; 

hy = hyp} + hey + hey is the coefficient which character- 
izes =» magaitude of viscous friction of the servomech - 
anism mobile parts and of the working liquid in the 
cylinder and the connecting lines. 

The magnitude of h,) + h,y < 0.0005 kg-sec/cm, and 
can be neglected in practice. toreover, the following 
notation was used in Eq. (5): 0g,, is the servomechanism 
piston stroke (O57, max = 20 cm), and F,,,, is the perve- 
mechanism piston surface area, equal to 50.2 cm’. 

According to [3], the value of m, is determined from 
the equation 


mo = Fran“? | sm max + bey () pei 





where /,,, is the over-all length of the connecting lines 
from the amplifier to the servomechanism (cm), equal 
to double the route length L, d,,, is the connecting lines 
diameter, equal to 1 cm, and % is the oil specific weight, 
equal to 0.0009 kg/cm’, 

With the numerical values, m= 0.0009 + 0,003 b 
kg-sec®/cm. 

Consequently, 


m, = 0.13 + 0.003 ly. (7) 


On the basis of Poiseuille’s law, since the working 
liquid flow in the connecting lines is laminar, we can 
write 


rae 
hy = hy= Bmp 1, (7) : © 


where ! ., . is the equivalent length of the connecting 
lines, where all local resistances are taken into account, 
and y is the dynamic viscosity coefficient of the work- 
ing liquid — transformer oil — for y, = 0.0009 kg/cm? 
and a viscosity of 2°E, equal tou = 12 x 10 “*kgsec/em’. 

In numerical form, hy = 0.0124 Itye kgesec/cm’. 

Equation (5) does not reflect the characteristics of 
the section under consideration with sufficient accuracy, 
since it does not take into account the effect of “pure 
delay", which is determined by the acceleration time 
T, in the channel and the pressure propagation time T 
in the line. 

The total “pure delay” time (without taking into 
account the elasticity of the connecting lines) is deter- 
mined from the expression 


P 


ty 9 
tT=tatty= 32gp Xo’ (9) 


where ),, is the pressure propagation rate in the connect- 
ing oil line, equal to 12 x 10* cm/sec. 

In numerical form, T = 0.239 + 1,,/@2 x 104. 

If we consider the delay, instead of Eq. (5), we shall 
write 


mt ht ) ak nme 10 
(Fa P+ BP) on™ BP oO 


The section transfer function will be 


: * (11) 
Wild) = pe 
1) BP TPT, 
where k,T% = m,/Fen and kT, = h,/F,,,.- 
If, for the case under consideration, we convention- 
ally assume that 1,,,. © 1.2 1,,t and consider that the 


t The actual value of the 7,,, . depends on the device 
operating conditions and has to be accurately determined 
in each individuai case. 
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k, coefficient is a proportionality factor, numerically 
equal to unity, we obtain 


T} = (25 + 0.6y)- 10-B-98E, 


Ty = 3-10 yy BESS, 


According to [1], the velocity feedback equation 
will be 


fb _ Te*a 44m 
AP in = ea “at 


i=m j=8 

x 2 > AF yi V aFi aa >> AF; VaF; )- 
i=0 j=n 

i=m j=s 


do, = 
kage | 2 Fri — 2 4F )|. 


where Fy, is the receiving nozzle surface area, equal 
to 0.27 cm”, ky = Fer,/F,, cos 6 (B is the receiving 
nozzle tilt angle with respect to the jet tube axis; for 
B = 0° 30", k, = 180), AF; and AF,; are the elementary 
1eceiving nozzle surface areas covered by the jet (the 
index i pertains to a nozzle completely covered with 
the jet, and the index j pertains to a nozzle partially 
covered by the jet)t, and v,,; and Varj are the average 
jet velocities at the elementary area AF,. 

The absolute value of the second term of the 
expression in square brackets in (12) is smaller than 
the first term value 25- to 60-fold, and it can be 
neglected. Therefore, instead of Eq. (12), we can 
write 


7 
Ap® ~—1.84—ato 
—_ 6F rn 





— = dc 
(> ar, vari + 2 AF y vars ) = 


i=0 


If the jet tube is in the middle position, the 
quantity in parentheses is equal to F.. Var ay: 
where Var ay is the average jet pened at the transi- 


tion section (for pj, = 8 kg /cm’, var ay = 780cm/sec). 


The expression in parentheses can be replaced 
by a simpler relation: 


{=m 


j=s 
2 AF, Vapi + 2 AK; 
=o 


j=n 


VaFj =keFin Vay 


where kj varies from 1.5 to 2.0 in dependence on the 
jet tube deflection; we assume that kj * 1.75. 





The velocity feedback equation, in its final form, 
will be 


Ap? — — 4.84 =eitoSey Oe 3 . «3 


The velocity feedback transfer function will be 
determined by the expression 


Apfb 
ee mite 8606 
where 
ka Ts == 1.84 Bai To" aF av — 0.42 K&B: sec 
8 cm 


The transfer function of the entire “single -stage 
amplifier — servomechanism™ system will be 


Wo(p)Wi(p)Wa(p) _ 
1—Ws(p) W ap) (15) 





am(P) = oe 
M. 


kokye~?* 
P (Tip? + Typ + 1) (eT 5p + kyl, + hy Tee”) 





The performed calculations show that expression 
(15) can be simplified to a considerable extent for low 
input signal frequencies. The corresponding values of 
Wam(p) and of the system frequency characteristic 
parameters (determined with an accuracy of ~ 5% 
are given in the Appendix. 

Figure 2 shows the amplitude (a) and the phase (b) 
frequency characteristics of the “single-stage amp - 
lifier—servomechanism™" system for a servomechanism 
piston diameter equal to 80 mm, a piston stroke of 
200 mm, and for connecting line lengths equal to 
1. = 10-100 m (which corresponds to a distance of 
5-50 m from ‘the regulator to the servomechanism). 

In order to verify the calculation formulas, 
we processed the oscillograms obtained in testing a 
“single-stage amplifier — servomechanism” system. 

In the tests, the jet tube was rigidly connected to a 
mechanical generator of sinusoidal oscillations, i.e., 
the oj coordinate was subjected to forced sinusoidal 
oscillations. 

In this case, instead of Eq. (15), the following 
equation is used for describing the system transfer 
function: 


keke?" 
ip (kgT3p + kT, + hy Tye") * 





Wankp) = 


where kf = 1. 

As can be seen from Fig. 3, the agreement 
between the theoretical values and the experimental 
data (white points) is entirely satisfactory. 


tThis has been treated in detail in [1]. 
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The “two-stage amplifier—servomechanism” 
system (Fig. 4) operates with different working me - 
dium pressures in the jet and the gate valve stages (p ic™ 
= 8 kg/cm?® and p_. = 12-15 kg/cm’). 

Since, in the first amplification stage, the re- 
ceiving nozzles are directly built into the gate valve 
piston, which follows the jet tube displacement, this 
element can be considered as a closed circuit with a 
feedback coefficient equal to unity (2). 

Considering that the oil flow velocity in the gate 
valve receiving nozzles is slight and can be neglected, 


104 


08 w, sec™ 


the open-circuit equation of motion will be written 
thus: 


do ds S, 
maa that = bP 7 ase Fy» (16) 


where my is the mass of the gate valve parts and of 
the working liquid in the valve which is reduced to 
the piston and is approximately equal to 0.0002 kg 
-sec”/cm, h,, 1s the coefficient characterizing the mag- 
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Fig. 3. The amplitude and the phase frequency 
characteristics of a “single-stage amplifier —servo- 
mechanism" system. 


nitude of viscous friction in the gate valve element(it 
is assumed that h= 0,03 kg- sec/cm), F yy is the sur- 
face area of the small driving piston, equal to 12.6 
cm’, and o, is the gate valve linear displacement. 


Equation (16) can be written in the following 
form: 


(T3.ap® +- Tarp) ~ ey (17) 
where 
T2,. — "Wimax — 2 7.4077 eect 
3.1 hPicFay 3.7 10 sec ; 


h 
V4.1 = —Yimax ; = 0.5-10 sec . 
1p, "y 
je dv 


The open-circuit transfer function will be 





Wi.1(p) —_ o —— : 18 
°j T3iP? + Tq 4P (18) 


The transfer function of the gate valve element 
is determined by the expression 





Wis (Pp) Pa i 


(19) 





Ww on . - 
ul) = Tw@ Tl p+, pt! 


The values of the T;., and Tg; time constants 
mainly depend on the gate valve device design. 
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Fig. 4. Schematic diagram and the structur- 
al layout of a “two-stage amplifier — servo- 
mechanism" system. 1), II), and III) same 
designation as in Fig. 1; 1) jet tube; 2) driv- 
ing gate valve; 3) driven gate valve; 4) con- 
necting lines and servomotors; 5) rigid feed- 
back. 
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Fig. 5. Characteristics of single- and two- 
stage amplifiers. I) For a single- or two- 

stage amplifier if additional triangular by- 

pass openings are provided in the gate valve; 
II) for a two-stage amplifier with rectangular 
bypass openings in the gate valve; III) for a 
two-stage amplifier with round bypass openings. 
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Fig. 6. The amplitude M( w) and the phase g(w) frequency characteristics 
of a “two-stage amplifier — servomechanism* system. 


Calculations show that, in the frequency range One of the basic advantages of “single-stage 
under consideration, the quantity T?, can be amplifier — servomechanism " systems which are used 
neglected, and, instead of expression (19), we can write in hydraulic regulators, is a small insensitivity zone and 


a considerable length of the linear portion of the curve 
Ww a i 20 which characterizes the dependence of the servomechan- 
1.1 (P) = T,\p+i° (20) ism piston velocity on the input signal magnitude (Fig. 5). 
In many cases, the fulfillment of this condition is indis- 


Thus, the transfer function of the first amplification pensable if a satisfactory regulation quality is to be 
stage in a two-stage amplifier will be secured,* * 


Wi am (P) = WolP) Wia(p) = 


Experiments show that, in two-stage amplifiers, the 
above-mentioned dependence is similar to the depend- 
(21) ence for single-stage amplifiers only in the case where 


ko * *For instance, in the case where two-pulse feed regul- 





(Tip? + Tp +1) (Typ +1) 


ators for boiler units with hydraulic feedback are used. 




















the amplifier gate valve is of a special design and is 
provided with additional triangular bypass openings. In 
other cases, which are illustrated in Fig. 5, the linear 
portion of the servomechanism velocity vs. gate valve 
displacement curve is greatly reduced. Therefore, in 
two-stage amplifiers, o j max C4N assume values which 
are different from those given above, which would affect 
the magnitude of the T3, and T,., time constants. 

The gate valve element equation for the second 
stage will be 

Sy 


% max 





Aso = keys (22) 


and the transfer function will be written in the following 
form: 


APysq 


fo Sc, 
Vv j max 


ke ’ 
W12(p) = SMS ky (29 


where py. is the oil pressure at the second amplification 
stage inlet, Ap, is the pressure drop in the connecting 
lines at the second stage outlet, and k, is 4 coefficient 
which depends on the design of the pistons and the driven 
gate valve bypass openings. 

For the numerical values, W4.2 (p) = 64 kg/cm’, 

The equation of the connecting lines and of the 
servomechanism (without taking into account dry friction) 
will be similar to Eq, (10): 


do sm_ 


d*c on h 
aed or + hy dt uso 


However, m,, ht, Fg» Osm» and T can assume values 
which are different from those given above, since, in 
the case of two-stage amplifiers, different servomechan- 
ism types can be used and, correspondingly, the dimen- 
sions of the connecting lines can be different. 

The section transfer function will be 











¢ —pt 
W..(p) = —Sm- = . —, (25) 
22(P) APyso P(T3.2P + T,») 


2 - 
The over-all transfer function of the “two-stage 
amplifier — servomechanism™ system will be determined 
by the expression 


W aalP) = W, ahP) Wi2(p) W22(p) = 
(26) 
kok e~?* 
~ —p(T2p® + T.p + 1) (Typ + 1)(T2,P +749) 





The simplified values of Wog a(p) for low input 
signal frequencies and the corresponding parameter 
values of the system frequency characteristics are given 
in the Appendix. 

Figure 6 shows the frequency characteristics of a 
“two-stage amplifier — servomechanism™ system (for the 
amplifier static characteristic which is given in Fig. 5, 
curve 1), where a servomechanism of the same type with 
a piston diameter of 80 mm and a maximum stroke of 
200 mm for a route length of up to 200 m (i.e., for 
1 ey = 400 m) is used. 
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pp. 1007-1014, July, 1960 
Original article submitted September 30, 1959 


A digital integrator scheme based on a binary multiplier is considered with analysis of its error due to fluctua- 
tions in the frequency of output pulses, A formula is derived for the maximum value of this error, 


There is, at present, a wide field of application for 
digital integrators in digital differential analyzers, as 
well as in specialized computing devices. The accuracy 
of their work, however, has not until now been invest- 
gated [1, 2]. One type of error is considered in the pres- 
ent paper, namely, of a digital integrator based on binary 
multipliers [3], the error being due to fluctuations in the 
frequency of its output pulses. The outline of a digital 
integrator based on binary multipliers is shown in Fig. 1. 
The input and output pulses of the integrator are shown 
in Fig. 2. 

The pulses f enter the binary counters Cy, Cy, ... » 
Cp. At the output of each digital place of the counter, 
pulse series with frequencies f - 2°*,..., f - 27" were 
obtained. These pulses proceed to the gates B,, By, ..., 
By, controlled by the corresponding digital places of 
the register. All the outputs of the gates are combined 
and fed to the output of the integrator. When "1" is 
retained in a given digital place, then the corresponding 
gate is open. 


The number of pulses at the output of the integrator 
during time T is equal to 


y=T} > kp-2n, 
k=1 


where kj is the coefficient of the corresponding power of 
2 in the binary representation of the number which is in 
the register; kj are either = 0 or = 1. 


We put into this formula z= >) ky-2~*.; this is 
k=1 


the binary representation of the number in the register, 
N 

and T = >\At (where At = 1/f) is the time period of 
0 


travelling of the input pulses. We obtain as a result 


























N T 
= At= xdt. 
y 1s r\ - 
y= 

















Fig. 1. 
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1. Maximum Frequency Fluctuation of an 
Integrator 


The number of pulses at the output of a sum circuit 
within the time interval T is equal to [4] 








Pp. 
The subscript “i.p." denotes here that the integral 
part of the expression in square brackets should be taken. 
The time T can be expressed by the number N of pulses 
entering the counter C: 


C= > (rpms tS) ky. (2 
i=0 - 


T = (09-2 + ay-2! +... + an-2") = 

Should the number of pulses, which is determined by 
the code in the register, be distributed uniformly within 
the time interval 2+1/f, then the number of pulses 
through the sum circuit would be equal to 


N 
7 OS 


Cy = D Th 2M, (4) 
i=o 


In this case there is no error due to frequency fluc- 
tuation, that is, the integrator is an ideal one. 

The difference in the number of pulses in the ideal 
integrator and one with a nonuniform pulse distribution 
at an arbitrary moment of time T is given by the formula 


D = Ce,— Cy = 


2 


710 


[ry-2me + Fh)" ™ 2 Tf. 2-+Dp, — 
Tues 


— 7-2-4 b, = » ;. (5) 
i=0 


i.p. a 





The above difference gives the error of an actual 
integrator as compared with the ideal one. 
By substituting (3) into (5) and bearing in mind that 


[+a 


=, one can express (5) as follows: 
ip. 


1 
&o => > hy 
[an —(@n—y*2~* + Qnig2* +... + 2-9], 


= > ky [@n—a — (@n—g-27* +... + G9°2"”)], 


i - 
iinet. O 
1 
bn = > kn@y. 


2. Positive Error Due to Frequency 
Fluctuations 








As seen from (6), in order to obtain the maximum 
positive magnitude of D,it is necessary that the following 
be satisfied: 


kj =0 for an-,;=U, ky =1 Ifor! an; = 1. 

Were it not so, either some positive terms would be 
lost (kj = 0 when ap_, = 1), or negative ones added 
(kj = 1 when a, _; = 0), from the terms in the expression 
(6) for the error, 

In view of the fact that in (6) k and a are two-valued 
variables, one can express the necessary condition for 
obtaining the maximum positive value of D in the form 


kj = An-i- (7) 
We substitute (7) into (5) and, denoting 26; by &;, 
we obtain 
Ey = an {4 — (Qn—y-2* + a ee + see + a,-2~")), 
g es An—; [1 — (@u9°2* + eee + a,:2*-")}. 


Ss 6¢ wa we 68 woe ee Coe 68 ee. ee 8 ee eee ee é ee U8 le 


dt ee Ee AOS ee LU, lh he ee Se ee ee ee eee ee ee ee ee 


En—1 = a, (1 — ay-27*), (8) 
En => ao. 
One can rewrite (8) as 
G, ae an (2 + (Gn 2-H a2 )/ 
Be = Gay (2° + (Gn—crgay 2 (9) 


+ Gyre 5222 ® +... + Gy 2", 


En—a = (27> — Gy-27"), &, = ay 











or 


By = SE (Lt do 29 + yt He + an 2"), 


.=— an: 3 (1 + G,-2° + a,-2' + 


gn i 


» + Gng:2” ) 


ow ory = ww « S e's VV & @ CO Ores Cae Ce aS se See SS 


& = a (1 + G-2°+ 





+ a, > “- ee a buoys) 
Gn—1 = — (1 + Go) 
(10) 
oi 
, = 70 
and 
n P Pp he n 
be = 2D =>: [1+ dy1-2°*| = Db, 

p=0 s=1 p=0 


(11) 


where the bar over a letter denotes the complement of 
the given two-valued variable, that is,8,.4 = 1—ap,4. 


As seen from (11).the error A, consists of n + 1 
component terms € (p assumes the values from 0 to n). 
It is convenient to write (10) and (11) in terms of the 
digits "1" and "0". We denote the terms of error which 
are present when aj = 1 by the symbol "1°. Inversely, 
the terms of the error which are absent when a; = 0 are 
denoted by the symbol "0". Now the a, which equal 1 
or 0, appear as coefficients of the corresponding power 
of 2 of the number T. 

It can be shown that taking the complement of 
all the terms €. of the error in (11), except £, and Ey 
which are in the state "1" (present), will not change the 
magnitude of the error A, 


Proof, Taking the complements of a), ..., 4n-y 
(a and a, remain “1") we obtain 


dn = + (ita a)+> 3 (4 + dy + a1-2') +. 


iain akeee es 


+E (L + dy + ay-2? ... + yg”), 
(12) 


Subtracting (12) from (11) and taking into account 
that 


aya; — aya; = a, + a; —14, 


(13) 


one can show that 


4,—4,=0 o A, —A,. 


(14) 


3. Maximum Positive Error 





4-@yi5°2” +... 


The maximum positive error is attained when all 
the even terms Epo, E, +B ap of the error are present, 
and all the odd terms £3, £3, ..., Egp—y are absent. 

Proof, We rewrite (11), putting now a; = 1 for even 
i and equal 0 for odd i: 


bom = 1,0, 1,..+10, 1,0, 1,0, 4,.4.,0, 4. (25) 


It is being taken as valid that with the terms £, and 
En always present, and all even terms present , and all 
odd ones absent in the terms Ey, 4, .... £, .» whatever 
the combination of presences and absences of the re- 
maining terms £3, 2, «+. Pape the error 


A, = 1, b1, Ge, --- » Eapegs Sep—e, 0, 4, 0,1,...,9, 4 


(16) 
never exceeds Spy, that is,4, = Spm: 
The inequality can be verified by putting 
p=1, 2, 3,... 
We shall show now that the above assumption re - 
mains valid when instead of Ey, E>», .... Eap-2 we take 
Eas Ears +» Eas in other words, that for the error 


As = 1, €,, Es, .. «» Sapa Sep—ar Sap—ar Sap, 1,--+, 0, 1 
(179 
the inequality 4, = Apy is valid. 

The change from (16) to (17) involves the appear- 
ance of two new terms £9,-, and £2p,and they can take 
any form,depending on their presence or absence. Four 
combinations are altogether possible: 0, 0; 1,1; 1,0; 
0,1. 

Each case corresponding to a respective combina - 
tion is considered separately: 

a) Ea, and £9, are absent (0,0). Then 


As = 1, &), &e, . «+» Sap—ar Eap—ar 9, 0, 0, 4, 0,....«» 0, 4. 


We find the difference (18) 
2(p—1) 


A, — 43 = 35-(1+ > 4,2? +27" roe 
s=] 


= i 
_ 9%” By 
ant 
1 ‘ ~¥ 
Hence, 


As < 4; < 4pm 
b) E ap-1 and Ep are present (1,1). Then 
A, = 1, &, &, + + +> Sep—gs Sap—e» 


(19) 
4,1,Q 4, ... 


, 0, 4, 0, 4. 
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Taking the complements of all the terms in (19), 
except of £) and £ n, we obtain the expression 


a Se Se See 
0,0, 4, 0,..., 4, 0, 4, 4. (20) 


Taking the complements of £),.. - § ap~2 in (16), 
but leaving the remaining terms as they are, we obtain 
the expression 


Ay _ i, b, és, ee are bape, 


(21) 
ye We Se 


We form the difference 
3 ‘ ‘ S n/2 
A,.— = 2, —|it+ a,2” 27-t| — 
1 4d Pn ook l mise + pa | 
n/2—1 n/2—1 
—{ 2 aan Ti [1+ > a,2° + a 9° +2") 4 
nj2—1 
+= [1+ > a2? + D421) — 


ee 


-¢— a geen taltt 3 ‘a2 -t po 


or Ag < Af. 

It follows from the proof given in Section 2 that 
Aj = 44, In addition, we know that 4 =Apm- Thus, 
ApM = 47 > AG = Sgand,therefore Ay < Apo: 

C) Eanes is present, Ea, absent (1,0). Then 

4,=1, &, &, - ++» Gep—ar Sep—e 
1,0.0:4. 2.6 2 

Taking the complements of all the terms in (22) ex- 

cept of E, and E,, we obtain the expression 


++ Capo» bens» 
4.9.0 Ti weees 8.45 3. (23) 
Subtracting (23) from (21),we obtain 


i ; n/2 ‘ 2k—2 n/2 
A, —4;= >) Aes a a2 + 2 soi am 


k=p 


(22) 


A, = 4, €, & :* 


{2 malt > att + 3) 4 = 


k=p k+l. 


+5 \!+ ) a,2° + 2-1] 4 — = [1+ yy P+ 


s=0 


ra tee 
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2p—2 
1+ D>} a,2° < 2°?-1, 
s=0 
It follows from the relations 4g= 4g and 4? = 4oy 
that Apm = Aj" > 4g = 4g and,consequently, 4, <A pM- 
d) E eps absent, Ea present (0,1). In this case,we 
obtain 


As = 1, o gs, eee, Sop—s, Fone 
0, 4,0; 4, .<., 0; 4, (24) 
that is, Ag = 4, [see(16)}. 
We have proved in this way that for any combination 
of presences and absences of the terms £;, &>,..., Sap 


This method can be generalized for an arbitrary num- 
ber of terms, from €; to En-3. Therefore, for any com- 
bination of presences and absences of €,..., En-4,we 
always have 4, =A pM’ where 


A; = :, E,, &, we al Eep—s: Eop—e 
eg eS ea aE (25) 


The magnitude of the maximum positive error can 
be evaluated from the formula 


n/2 
Som = 2 | 2 a oP (1+ > 
n/2 
+ ror (1+ D2"")|= 
1 


- {nt + [10 +(— tyne lt. 


where r = 1 if n is odd and r = 0 if n is even, 

It follows from the proof in Section 2 that the maxi- 
mum error appears twice for even n in the operation of 
an integrator: 

1) when the number of input pulses and the value of 


, 5} 1) + 
mA / 


the number appearing in the register are >) 2”-*? , as 


shown above; 
2) when the number of input pulses and the value of 
nj2—1 
the number in the register are 2" > 2”-*?-*+-1. 
p=0 


With n odd ,the maximum positive error also ap- 
pears twice in the process of the integrator operatia: 
1) when the number of input pulses and the value of 


(n—1)/2 


the number of the register are >) 2 ~~*? + 2”; 
p=0 


2) when the number of input pulses and the value of 











n/2—1 


>, f+ 1. 


p=0 


the number of the register are 


4. Maximum Negative Error 





In order that the maximum negative error be attained, 
it is netessary, as seen from (6) that the conditions be 
established: kj = 0 where ani = 1, but kj = 1 when 
&n-q = 0, that is ky = 4), 

The expression for the negative error assumes the 


form 
= n r- Pp 
An= > bp = > (1 + >> a,_,2°-*) . 
P=0 p=0 s=1 


It can be shown, as in the case of the positive error, 
that taking the complements of all the terms Hp of 
the error, except the fixed p» and un which have the 


state “1" (they are present), does not change the value 
of the error A, 


To determine the maximum negative error, the same 
method as for the positive error is used,and we obtain an 
expression for the maximum negative error: 





n/ A 
a igs HIS Se )artes 
=0 1 
x(1 +. 3 gv)\ ft {n + 3(10 + (yf ; 
where r = 1 for odd n and r = 0 for even n. 
The error An M appears twice when n is even: 


1) when the number of input pulses is =conet + 1), 
n/2 


and the value of the number in the register is > os 
p=0 


2) when the number of input pulses is =(2 1), 


and the value of the number in the register is 2" + 


n/2—1 


> i aie 


p=0 
It also appears twice when n is odd: 
1) when the number of input pulses is =(at 1), 
and the value of the number in the register is 2" + 








(n—1)/2 
> > o(n—l)—2P. 


p=0 


2) when the number of input pulses is =(a + 1), 
and the value of the number in the register is 
n/2—1 


> 2” +1. 
p=0 
SUMMARY 


1. If niseven,theintegration error is maximum when 
the values of the function under the integration sign are 


n/2 n/2—1 
ther YO a P+ FS 2 +i, 
p=0 p=0 


2. If n is odd the integration error is maximum 


when the values of the function under the integration 
(n—1)/2 n/2—1 


sign are either 2" 5) 2(*-)-*P or >) 2"? 4.4, 
p=0 p=0 
3. The maximum integration error increases with 
the increasing number of members of the integrator. 
4. The obtained formula may be applied to evalu- 
ate the maximum error of a system with several integra- 
tors used for solving equations, 
In conclusion, the author wishes to express his sin- 
cere thanks to V. V. Karibskii for his assistance in the 


preparation of this paper. 
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Exponential converters with a logarithmic transformation law are considered, The basic equations which charac- 
terize the operation of converters are given, The errors are analyzed, Various converter variants are studied, 


INTRODUCTION 


As a rule, a linear relation between the measured 
and the received parameter values is required in re- 
mote-measurement systems. This is explained by the 
fact that the taking and interpolation of readings can 
be conveniently performed on a linear scale, that the 
quantities to be measured can be added at the receiv- 
ing end, and that the absolute error within the range can 
remain constant. A linear relation is usually secured by 
the application of linear converters. 

A linear relation between the measured and the re- 
ceived parameters can be secured not only by means of 
linear converters. Let there be a converter, which we 
shall call a functionai converter, where the parameter 
x to be measured is transformed into the analog y ac- 
cording to the equation 


Let us assume that x, in turn, is a function of \ and 
that it changes according to the law 


Then the transformed function, which is to be 


transmitted through the communication channel, will 
be 


y = f[p(a)]. 
(3) 


Assume that the receiver contains a device whose 
characteristic is an inverse function with respect to the 
converter characteristic: 


z= f(y). (4) 


We shall call this device an inverse functional con- 
verter. Then, at the output of this converter, the received 
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signal will be equal to the transmitted quantity ¢()): 


= f-1 - 
t= fle) = 90). 9 
Thus, the relation between the transmitted ¢( )) 
and the received z parameters will be linear, although 
the transformed parameter y changes nonlinearly in de- 
pendence on g{A). The linear converter would con- 
stitute a particular case of the functional converter. 
Certain types of functional converters secure a suf- 
ficiently high transformation stability, and they have 
simple circuits, The exponential converters which are 
considered below belong to this type. 


Basic Relations 





In an exponential converter with a logarithmic trans- 
formation law, the voltage, which changes according 


to the EeWT or the Efi-e-/T ] law, is compared with 
the data transmitter voltage. 
The converter consists of a bridge circuit (Fig. 1). 











 : 
—} oo 
R, pd tj 
=> r c 
R 
eUaR Oe 
Pig. 1. 


A resistor Ry and a potentiometric data transmitter 
R, are connected to one branch of the bridge, and the 
resistor R and capacitor C are connected to the other 
branch. A diode D is provided in the bridge diagonal 
between the data transmitter R, slider and capacitor C. 
A rectangular voltage is periodically supplied to the 
bridge by means of key K (Fig. 2a), 
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Fig. 2. 


In this, the voltage across capacitor C will rise in 
the manner shown in Fig. 2b, and the current through 
the capacitor will change according to the diagram in 
Fig. 2c. 


At the comparison time t,, when the voltage across 
the capacitor attains the value UAr, the diode will be 
unlocked. The character of the diode current variation 
is shown in Fig. 2d. 

After the time t,, the voltage across the capacitor 
will remain constant up to the video pulse end, since the 
unlocked diode resistance r; « R The moment of com- 
parison and its corresponding time t, can be fixed with 
respect to the change in the diode circuit current iy 
(Fig. 2d) and with respect to the change in the capacitor 
circuit current ic or the voltage U; across the load re- 
sistance R; (Fig. 2c). 


Let us determine the effect of the circuit param- 
eters on the pulse width t, and the trailing edge dura- 
tion ts (Fig. 2c). The values of t, and tg will be de- 
termined with respect to variations of the voltage a- 
cross the resistance R; , because this method is the sim- 
plest. 

The equivalent circuit of a converter in the state 
preceding the comparison moment is shown in Fig. 3. 
The equations are of the following form: 

Fs iy(r + Ry + Ry) — ig (Mt, + R,), 
: (6) 





O= — (Mi + Ry) + iy(My + et Ry Hee). 








Fig, 3, 


By solving these equations, we shall find the voltage 
across the capacitor: 


Uc=Ek(i—e °, (1) 
the voltage across the load resistance R;: 
R -ck 
U1 = Ek Rr ° ; (8) 
0 
the voltage at the data transmitter R, slider: 


U a wit BAO (1 rh 6 Th), (9) 


Rhy + Ky ™ % 
where 
_ R+R 
aed th (10) 
R, = R+R,+rk, (11) 


and AR is the resistance between the data transmitter R, 
slider andthe ground. 

The present time 4 changes within the 0 = <t, 
interval. The pulse width t, is determined by the equa- 
tion 


U.+U; =Usr+ SE, (12) 


where AE is the diode unlocking voltage. 
The reduced expressions yield the equation 





ms m + q(i—An) 
le = CR, in AE ’ 
i—)n a (13) 


where 


ie” ee he 
me" her 


The parameter \ to be transmitted will change with- 
in the interval 


Amin h & 1, 


where 


Ry 
hmin= (2 Hjyn * (14) 





or ee BORE AS TX 
arora 


PK 


R 

é’ 4) C 
k 4 

Fig, 4, 


For determining the trailing edge duration t, we 
shall use an equivalent circuit (Fig. 4) which corresponds 
to the converter state after the comparison time t,. The 
following assumptions were made with regard to this cir- 
cuit: the current in the R,R, circuit is assumed to be 
constant after the comparison time t,, since R>> Fy +R); 
the diode internal resistance is constant and equal to rj 
after unlocking. 

The circuit shown in Fig. 4 is described by the 
equations 


SR 





Ek —Ug(t.) 
P 


=i (R+ Rrrrk + gh) +ia( Re +a) >on 





Vo (t.) — U ar (t,) 
P 





=— i (2, +o) +i, (n+ aR+ 2; +z), 


where Uc(t,) and Uap(tc) are the voltage across the 
capacitor,and at the data transmitter slider, at the com- 
parison time t,, respectively. 

By using Eq. (15), we shal determine the voltage 
U,(t,) across the load resistance R, and the current i, t,) 
which is transmitted through the diode after the compar- 
ison time t, (Fig. 2, c and d): 








Uy (ts) = Ek pe” nore (16) 

ae saa ~ 2 
iy (ts) = =e =(T—e *), (17) 

where 

Tt — CR,, (18) 

(R + rk) (7, + AR) 
*s =¢[ + R$rk+r, + OR |; (19) 

key = — UR + rh) 
1 RFrk+r,+4R ° (20) 
From (16) we find the trailing edge duration: 

ee. oe 

ts = t In u, (7) Ree *: (21) 


In Eq. (21), U;(t,) is the voltage at the level of which 


the tailing edge duration t, is read. 
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By substituting the variable t, for t. in (16), we ob- 
tain 


(22) 


By substituting the first condition, Eq. (22) is re- 
duced to the form given by (8); by substituting the 
second condition, Eq. (22) is transformed into Eq. (16). 

Thus, Eq. (22) fully describes the variation of the 
voltage across the load resistance R;. It follows from 
(22) that the voltage U; across the load resistance R; 
is divided into two portions (Fig. 2c). In the first por- 
tion, until the comparison time t., the voltage U, 
changes with the time constant T,. In the second por- 
tion, after tc, U; changes with the time constant T >. 

It follows from Eq. (13) that the pulse width depends 
logarithmically on A. In order to obtain a linear de- 
pendence at the receiving end, it is necessary to have 
an inverse converter for the demodulator, consisting of 
an RC circuit similar to that used in the transmitter 
converter. The voltage across the capacitor in such a 
converter must change in step and according to the 
same law as in the converter capacitor, i.e., 


U(t)=E(Q—e “). (23) 


By substituting (13) in (23), we obtain 





i—in a 
er. ae, 
vo) =2[1— ee | 8 


It follows from (24) that U(A) changes nonlinearly 
in dependence on A (Fig. 5). The nonlinearity is due 
to the presence of the resistance r in the converter (Fig. 
1), as a result of which the voltage across the data trans- 
mitter R, changes nonlinearly throughout the range, as 
follows from Eq. (9). 

In the case where r= 0 orr « R, the dependence 
of U(A) on A will be linear: 





U(r) = E(b + = x), (25) 
where 
,_ 48 
eT! —_ ~0, (26) 


We shall define the degree of nonlinearity of U(A) 
in expression (24) by the ratio of the maximum deflec- 




















tion AK A,) (Fig, 5) to the maximum value Uy), 
which we shall call the nonlinearity coefficient: 


AU (A 
B= hy (27) 


In the considered case, 














p= mh & mF etalon | (2 

where 
ho = MEL Vinm—Nnid) 29) 
he wirengeant; a 





~ m+q(i—n) 


Converter Errors 





From Eq. (13), it follows that the pulse width t,, 
depends on the feed voltage E. The reduced error due 
to variations of the feed voltage E is equal to 


AE 

i1—An —-EE 

In pamuarean 

At 1—\n— Fe 


San = 








t ~) m+qa—an) (31) 
cmax = jy "TI 


Figure 6, a and b, shows the calculated U, curves 
which illustrate the variation of t, when the feed voltage 
E changes twofold. 

















Fig, 6, 


The calculation results are given in Table 1. 


The calculations were performed according to Eq. 
(22) for the circuit shown in Fig. 1, where the meas- 
ured parameters had the following values: R = 6920hm, 
AR, = R, = 700 ohm, R = 74,460 ohm, Ry = 818 ohm, r= 
= 870 ohm, r = 0, C = 20.4uf, AE = 0.35 v. 

For a feed voltage of E = 50 v, the comparison time 
t. = 1068 msec, and for E = 25 v, t, = 1095 msec. 

The experimental curves are marked by points in 
Pig. 6. The experimentally obtained values of t, are 
in brackets. As follows from Fig. 6, a and b, the theo- 
retical and experimental curves practically coincide. 


In calculating the diode bias, AE is obtained from 
the condition 


n= 5 = (3—4) Ry (32) 


For silicon D - 202 diodes, AE = 0.35 v. The charac- 
teristics of three specimens of D-202 diodes aie given in 
Fig. 7. 











A 
i—, —FE The accuracy in reading the pulse width tc is de- 
termined by the magnitude of the pulse trailing edge 
where E‘'=E + SE. t¢ and by the operation threshold magnitude + Ae (Pig. 
TABLE 1 
E=50 E=%3 

ty, SEC is, SEC u,v ty, sec te, sec Ov 
0 0 0.543 0 0 0.271 
0.3 0 0.447 0.3 0 0.223 
0.6 0 0.367 0.6 0 0.183 
1.068 0 0.271 1.094 0 0.133 
1.068 0.02 0.179 1.094 0.02 0.088 
1,068 0.04 0.418 1.094 0.04 0.058 
1.068 0.08 0.051 1.094 0.08 0.025 
1.068 0.12 0.022 1.094 0.12 0.011 
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Pig, 7. 


2c). The reduced errors due to the presence of the trail - 
ing edge t¢ and Ae are equal to 
t 
In any Rw 
$ oe & Uz (ts 
oa in =teG—*) 
i—n— Fy, 





’ (33) 


Ae 
_u *(tt0, 09) 
1 in ™+ 9 (i —2) 


4 4E 
—"~—Ek 





bas (34) 


respectively. 
It follows from (33) and (34) that the errors 9, and 
5r- depend on the relation 





£ (R + rk) (r, + AR) ae R, + AR, 
es =|2, + Ry +74 OR | R,~* +R’ 
(35) 


n+ AREER +rk. 


For a fixed feed voltage E, it can be considered that 


"% 
a = 7- = const, (36) 


since the diode internal resistance rj changes almost 
linearly with a change in R, (Fig. 8). 

The dependence of a on E for silicon D-202 diodes 
is shown in Fig. 9. The variation of r,/r, in depend- 
ence on R, is given in Fig. 10, From expression (35) and 
the diagrams in Fig. 10, it follows tnat rT, /rT, is inde- 
pendent of the capacitance value and is directly propor- 
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tional to AR and R, and inversely proportional to E and 
Ro. Thus, in order to reduce the trailing edge duration 
te and the 6 ,, and 5, errors, it-is necessary to reduce 
R; and AR and to increase the feed voltage E and the re- 
sistance R. The change in the trailing edge duration t 
when the feed voltage E changes twofold can be seen in 
Fig. 6,a and b. The increase in t¢ with an increase in 

Rz + AR 
the —— 
= 0.012 can be seen in the voltage U; oscillograms, 
which are shown in Fig. 11. The duration tr in Figs. 6 
and 11 is read at the U;(t,) = 0.5 U7(t,) level. 


ratio if rT, remains constant and a = 


Converter Circuits 





Table 2 provides circuits and equations for some 
other converters. 

In circuit No. 1, when the key K is closed, capacitor 
C is quickly charged to voltage E. During discharge, the 
voltage across capacitor C, which varies exponentially, 
is compared with the voltage Up across the data trans- 
mitter. 
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Pig. 11. 
If such a converter is used in a remote -measurement 


system, the voltage in the inverse converter will change 
linearly with A: 


U()=E (b+ > r), (37) 


where 


This constitutes the difference in principle between 
this converter and the one considered above. 

In a number of cases, the converter can be con- 
veniently controlled by supplying a voltage to the diode 
input. Such converters are described in Table 2; they 
are based on circuits Nos.2 and 3. 

The pulse width t, in circuit No. 2 directly depends 
on the feed voltage, and therefore, a stabilivolt is pro- 
vided at the converter input. In contrast to circuit No. 
2, circuit No, 3 does not require stabilized voltage. Its 
principle of operation is clear from Fig. 12. The voltage 
U(t) changes exponentially, and is compared with two 
steady voltages U, and Ug. The pulse width between t, 


and tg does not depend on the exponential voltage 
amplitude: 


te =ty— to = CR Inge. 


If Up is fixed and Ug changes in correspondence 
with the parameter to be measured, the pulse width t, 
will change according to the logarithmic law. 


In circuit No. 3, when key K is closed, the capaci- 
tors in the RC cells, which have equal time constants, 
are charged to voltage E. After the key is opened, the 
capacitors discharge through the resistor R. The com- 
parison time of the Uc and U, voltages in one RC cell 


is the beginning of reading the pulse width t,, and the 
Ug and U; comparison time in the other RC cell is the 
end of this pulse reading. 
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As was mentioned above, the comparison time in 
the converter can be fixed not only with respect to the 
change in the voltage across the resistance R, ,but also 
with respect to changes in the diode circuit current ig. 
Such a circuit is shown in Table 2 (No. 4). The fixing of 
t,, with respect to the ig current has a number of advan- 
tages. A transistor, which acts as an amplifier at the 
same time, is used as the comparing element. 

The front duration t¢ in such a circuit is reduced by 
eliminating the resistance R, [see Eqs. (19) and (35)}. 
However, in the construction of such circuits, it is neces- 
sary to use stable silicon transistors, which have large 
emitter-base and emitter-collector reverse resistances, 
affected only slightly by temperature and voltage varia- 

tions. 

The described converters can be used in the con- 
struction of remote-measurement, remote -signalization, 
and remote-control systems. 
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In this paper we examine the circuit construction, operation and basic principles of the theory of the distance 
transmission of angles by means of contactless two-phase inductive linear potentiometers, 


The principles of construction of devices being used 
at the present time for transformer distance transmission 
are based upon the application of inductive selsyn ele- 
ments, which in their method of construction represent, 
as we know, two-and three-phase machines of the asyn- 
chronous type, behaving as transformers and in no way 
differing in principles from sine-cosine rotary trans- 
formers. 

Contactless selsyn-transformers, whose construction 
is likewise based upon the principles of electrical ma- 
chinery, have found wide application. Of the known 
types of contactless selsyns, we wish first of all to point 
out the construction of the type of [1, 2].* In this, 

a series of extremely successful constructional 
solutions has been found for the magnetic circuit of ama- 
chine which ensures the necessary changes in the flux 
linkages between the stationary exciting ring winding 


‘Cross-section along 3-4 for T- 





» along 5-6 for 
Il-type stators, transmitter and receiver 


and the stator winding which is of the customary type 
used in electrical machines, We also wish to point out 
the second type of known construction, the properties of 
which consist of a varying constructive displacement be- 
tween two stages, the input (or output) transformer and 
the portion similar to an electrical machine. The first 
stage consists of either a ring tansformer, which ensures 
a flux linkage between its movable and stationary wind- 
ings which does not change with changes in the rotor posi- 
tion [3, 5], or of an electrical machinery stage of the 
sine-cosine rotary transformer type, proposed in [6]. 


*These constructions have been widely applied, mainly 


in inductive operation; however, in many cases,they may 
be used successfully in transformer operation, with the 
limitations pointed out in [5]. 
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We may also include in the same groupthe construc - 
tion of the contactless transformerlike selsyn ("Sinchrotel” ) 
developed by Kollsman (USA) and described in survey 
paper [7]. 

The contactless selsyn constructions we have men- 
tioned have their special properties, which determine the 
expediency of applying one or the other type in systems 
used for various applications [2, 4, 5]. 

The contactless selsyns of the indicated types have 
a series of defects. Thus, the selsyns of the first type 
(1, 2] have a relatively complex magnetic circuit with 
double air gaps; this imposes certain limitations on their 
use as transformers [5]. Selsyns of the second type are 
two-stage devices; this increases their weight, the num- 
ber of clearance tolerances,and the losses. We should 
also note the technological difficulties of manufacturing 
close-tolerance selsyns of the types described above, and 
especially the difficulties in manufacturing the close- 
tolerance rotors, This circumstance limits the possibil- 
ity of constructing miniature selsyns, 

We will show below that if we place, on the stator, 
a linear inductive potentiometer having a range of 
+90° [8], in which the second pair of coils is displaced 
by 90° with respect to the first pair, the apparatus ac- 
quires properties which are analogous to the properties of 
a selsyn transformer, This analogy consists of the fact 
that,with the aid of such two-phase inductive potentiom- 

eters there appears another possible construction for a 
transformer for distance transmission of angular position, 
Since contactless instruments are of the greatest prac- 
tical interest,in the present paper we will examine trans- 
mission systems using contactless, two-phase, inductive 
potentiometers, These potentiometers ,which do not in- 
volve two-stage transformations are distinguished by their 
ease of manufacture and can be made to extremely small 
tolerances, 


1. Description of the Construction of Two-Phase Induc- 
tion Contactless Potentiometer-Selsyns (TIP) 








The construction of a TIP-transmitter and receiver, 
connected in a distance transmission circuit, is shown in 
Fig. 1. 

As we see from Fig. 1, a and bthe stators of the TIP 
transmitter and receiver differ from the contactless in- 
duction potentiometer [8], having the well-known con- 
struction described above, because it is single-phase and 
the former have a two-phase winding consisting of two 
pairs of coils wa, Wz, and Wes, Wag Mutually displaced 
by 90°, Each of these coils covers the central part of 
the stator for a T-type stator (Fig. 1a) or the lateral part 
(one or both) for a Il-type stator (Fig. 1d). 

Each pair of coils (for example ,wy and w2,) forming 
one phase, is interconnected so that the directions of the 
emf's of currents are opposing. 

If we make use of the generally accepted selsyn 
terminology, then the two-phase transmitter winding con- 


sisting of two pairs of coils Wa, Weg and Wos, Wo (Fig. 
1a) and the receiver coils wy, Wp and Wg, wi, (Fig. 
1b) form synchronized windings. 

The circular (or ring)winding, consisting of two cir- 
cular coils for T-type stators (Fig. 1b),or of one coil for 
T-type stators (Fig. 1d), remainsthe same as for an in- 
ductive contactless potentiometer and serves as the ex- 
citing winding in the transmitter , w, (Fig. 1a), and as 
the signal winding in the receiver, ws (Fig. 1b) 

The TIP rotor represents, as in the contactless in- 
duction potentiometer [8], a plate in the form of a semi- 
cylinder which closes the magnetic circuit of the stator 
over an arc of length r (or 180°), forming in all its 
positions an even air gap of length 6. 

The construction of the TIP transmitter and receiver 
is identical; they differ only in the dimensions and the 
number of turns in the winding, In particular, the re- 
ceiver synchronizing windings can have a higher resis- 
tance than those of the transmitter, so as to lower the 
necessary transmitter power, while the higher-resistance 
signal winding will increase the magnitude of the dif- 
ference signal . 

The stator magnetic circuit may be either a T- or 
a Il-type (Fig. 1, c and d), 


2. Principles Behind Remote Transmission by Means of 
Two-Phase Induction Potentiometers 








The circuit of Fig. 17 shows the transmitter and 
receiver connections for a remote transmission system. 
We can see from the circuit that, for a current in the 
transmitter ring winding w, due to the ac voltage U; 
when the transmitter rotor is in its mean position (Fig. 
1a), L.e., for x, = 0, the total transformation emf and 
the current Ip) in the coils Wes and Wg, is zero; but for 
this rotor position,the total transformation emf is a maxi- 
mum for coils Wg and W2,.since coil wy is placed into 
a position where the flux linkages with the exciting ring 
winding w, are a maximum. 

If.in this position of the transmitter rotor (x, = 9), 
the receiver rotor were also rotated by 1/2, for exam- 
ple.to the right with respect to the first position (con- 
sidering that the transmitter and receiver axes y, and 
y2 are parallel), then in this rotor position the voltage U 
across signal winding ws= 0, This is due to the 
fact that for x, = 0 the coils wz, and w%, of one phase 
of the transmitter are deenergized, In this case, as we 
can see from Fig, 1b, when the receiver rotor is dis- 
placed by 1/2 from the transmitter rotor, i.e., for 


Xe = 1/2 (or 90°), the ws winding has no flux 


Xy = 0 


t The four-conductor connection (Fig. 1) can be replaced 
by a three-conductor connection by combining two con- 
ductors in one of the two pairs of conductors (with current 
Ip, OF 152). 
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Fig, 2, 


linkages with the coils wa, and wz, which are included 
in the opposite phase. For the indicated rotor position, 
U, = 0. 

We can, on the basis of the same reasoning, see 
from the circuits of Fig. 1,a andb, that U, will also 
be zero for every 1/2 (or 90°) shift of the transmitter 
rotor if we preserve the mutual 90° rotor displacement. 
We prove below that the synchronized state of the sys- 
tem Us, = 0 will occur for a mutual perpendicular dis- 
placement of the transmitter and receiver over a whole 
revolution, We should point out that for the given dis- 
tance transmission system, as in the known transformer 
transmission systems, the position of agreement between 
the transmitter and receiver corresponds to null values 
of voltage across the receiver signal winding which is 
connected to the input of the servo-drive amplifier. 

We wish, first of all, to indicate that, if it follows 
from strictly linear dependence curves that dependence 
of the output voltage upon the rotor position for each 
winding is synchronized for -7/2 = x = 1/2 and 
r/2 = x, = 31/2, then, at the points which deter- 
mine the boundaries of these intervals, there will theo- 
retically be a break in the continuity of the indicated 
curves (Fig. 2, curve 1). However, in the actually con- 
structed device, due to the continuity of the field the 
linear portions are connected by a continuous curvein the 
region of the maximum or the minimum (Fig. 2, curve 
2). 

The continuity of the characteristics ensures a 
stable state in the position of agreement between the 
transmitter and receiver in those rotor positions which 
correspond to the regions in the vicinity of the maxi - 
mum and minimum points. 

Let us first examine analytically the operation of 
the distance transmission system over the interval 
0 <xy < 1/2 corresponding to the linear part of the 
ideal theoretical synchronizing winding output voltage 
characteristic at no-load, 

On the basis of the distance transmission circuit 
construction (Fig. 1) and the scanner construction in the 
TIP transmitter and receiver (Fig. 1,a and b),and mak- 
ing use of the designations for the currents, fluxes, and 
displacements indicated in the diagram ,we can write 
the system of equations for the magnetic fluxes in the 
transmitter and receiver. While writing these equations, 
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we may neglect the leakage fluxes and also the boundary 
effects, i.e., we will consider that the specific magnetic 
conductivity along the gap G, = const over the range 

0 to 7/2, The behavior of the system for rotor positions 


corresponding to the neglected zones of the synchronous 
winding output voltage, and also for arbitrarily large dif- 
ferences, will be examined later. 

Taking into account thesymmetry of the transmit- 
ter and receiver windings (for the transmitter: wa = 
= Wee = Wes = Wag = We; for the receiver: wy = Wa = 
= W3s = Wy, = Wz), we Can write the following equations: 
for the transmitter 


®, = [/,w, — (Je1w2 ++ Te2W2)] G, 5 ’ (1) 
®, = (fw, —(/n ws — T,.w)| G, (5 — 1) , @ 


®, ES (/,w, + (Te1ws t J 44w2)] Gori; (9) 


for the receiver 
@, = — (Iw, + Iygw.) G, (F —_ 1s) aha 
@, = (iw, — yyw) GZ, (5) 
Ds = (Igy, + Tq) Gorter (6) 


In addition,we have for the transmitter primary 
winding w, the relationship 


U, = joi0*w, (®, + ©, + ,) + 1,2Zu, {1 


and for the receiver signal winding w, , 


U, = jotO*ws(O,+0,+ 6). 
The emf of the transmitter synchronizing windings, 
using the current direction shown in Fig, 1a, is deter- 


mined by the equations 


Ey, = joi0*w, [®, + d, —®,], 


Ex, = joi0*w, [®, + , 8 d,). 
For the counter-emf in the receiver synchronizing 
windings, using the current directions shown in Fig, 1b, 
the actual equations are 


Ey, = —joi0*(—@, + ©, + Oj), 


E,, = — joi0* |@, + &, — O)). 


The equations for the currents in the synchronizing 
windings are 








+1 








Ey + Ey = jol0*w, x 


x [(O, + ©, — O,) —(— , + &, + &,)] = 

“ (9) 
- Io:Za18, 

Ex. + Ex, = joi0*w, x 


x((@, + Oy — 3) — (O, + O, — O3)] = MaZne 
(10) 
The system of 10 equations in 10 unknowns which we 
have written down is easily solved if we make the sub- 
stitutions given below, 
Removing the parentheses in Equations (1)-(3) and 
performing the indicated additions,we get for the trans- 
mitter currents 


®, + 0, +0; = (11) 


=21,w,G> ; oe Q1o,wel (> — z,) a QiooweGors, 
(12) 
6b, + 6, — 6, = LinGy (5. —m) — Bho 


®, =" a, — ®, = 21 ,w,Gor, — 2/ ssWaGy 3 . (13) 


Removing the parentheses inEquations (4)-(6) and 
performing the indicated additions, we get for the re- 
ceiver currents 


®, + ®, + ®,; =< 21 49w,Go (> e%) 22) + 


+ 21 qwyGore, (14) 
— 6, + ©, + ©; = 2/65, (15) 
— ©, — ®, +- O; = 2)..,G =, (16) 


Taking into account the symmetry of the transmit- 
ter and receiver synchronizing windings, the total leak- 
age resistance of the two winding contours of the syn- 
chronizing systerm equals Zas=Zops= Z, where Zo. is 


total leakage resistance of each of the two contours of 
the synchronizing windings, through which the currents 
iy and fy, flow. 

Substituting (11) in (7), (12) and (15) in (9), and (13) 
and (16) in (10), we get 


20-9 [7 wyGo (5 — 21) — Farle + 2) Go 5\ = 


=I Ze, (17) 
27010 *w, [/ 1W,Gor, — Toe (we + wy) Gos | = 
= IoeZos,, (18) 





2jm10- Fw, [JuGo > _ Iay202Go( : 


5) r) “> JeawsGor, | == 
(19) 


where %, is the total leakage resistance of the exciting 
windings, + 


=U; | LZ: 


From Equations (17) and (18) we get the relations 
between the primary and secondary currents : 


2/wi0-Swelyw Go (= -- m3) 





j , — ' » 
re Los + j@10-*weCor (wre } uw.) 
2j@10- 8urq/ yr Gor, 


—. (21) 
Z.. +- jo10-SweGot (wg +- w,) 





loe= 


Let jw107*w, Go T (Ww. + Wo) = a; after substituting 
(20) and (21) in (19) we get 


YT, = jolO*wiGorl, x 





(22) 
Ajai) SwyGot 1 | ft Biel 24!) file 
x ft ee | (ao) at]} + te. 


If we let j wl0-*wiGat = jxp, then jwi0~*wiGyt = 

—) Ww; _ W3 
=j)X i = 2 
1 Xo 3 Let Wi Kea» ’ 
ii, == jXol x 


‘ ‘i Ajxok? [ = (1 —=)] 4 


Z,, + fro (ki, +.) 14 * + 


= key Then 





+ I Za . 


Then primary current , is determined by the equation 


uF 





" 2 
4jxoks, 








Bigg + 0 (hE, + Eg 


auc bal 


tIn the given investigation we neglect, in order to simplify the discussion, the differential leakage of the con- 
tactless induction potentiometer [8] and consider that Z;, and Zs. are independent of the rotor position. 
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atc, Been anon 


Note that formula (23) shows that the primary current is independent of x2, i.e., of the position of the receiver rotor, 
Substituting (14) in (8),we get.for the signal voltage U, across the ws receiver winding (Fig, 1), 


G, = joi0*w, [- 2) raw, (5 <i ts) + 2i ar | Go (24) 


or, substituting (20) and (21), 


U,= 





2 (jw)*10-*w310-*w,G2 =? ws < 
(Z,, + @) 8 wy - (5 


—%)% + (+—n)x]. 


Making use of (22) and (23), we get 














2j/% > “5 = SS 5 
u 0 w? w vs y—t2) m+ | 71) 
-= 25 
P ‘ Zes + 120 ar ke.) \! 4jxok>, [ 1 274 zy Zis :' ' 
Bag + x0 (KE, +k) U4 om ia =} 120 
or 
jae wh vis Oe 1 
; . we Wy = =z (ta— 2%) 
Pires 3 + it0 (k2, + k2,) 7 a a ; @8) 
Z, 0 . | 
fy a Ree i Z,, 
Los + jXo (ke, + ke.) }Zo 
Thus, it follows from the expression for the signal mated by sinusoids, As a result,the currents{,, and i,» 


voltage U, (Equation 26) that the latter (if we neglect take the form 
the stipulated changes in the denominator term) is 


proportional to the angular difference between the trans- Boy 8 (% ae x 
mitter rotor for 0 < x, < 1 /2 and the receiver rotor for ‘a's yea € — 11) » Ta = ky cos =e m1 27) 





i 

0 <x < 1/2, 

In the position in which the transmitter and the re- Where he 
ceiver agree,their rotors are in a mutually perpendicular phe. 1Got 

Pf . 

position, Zo +- Jo ua 

We wish also to underline the fact that, for the case wy 
where several TIP receivers operate in parallel from one Here i, is determined from (23); if we take into 


transmitter, there is no mutual interaction between them _ consideration the small change in the denominator,we 
during mutual disagreement due to the fact that the syn- can assume, in the given case, that i, is independent of 
chronizing currents {,, and i,, according to(20)and (21), x, 

are independent of the receiver rotors, The indicated substitution corresponds to the fact 

Now let us examine the operation of the system for _ that in (26) the function G, (r/2— x) is replaced by 
all other possible positions of the transmitter rotor, and, Gg sin w/t (T/2— x3) = Got cos(n/T)x,, and the func- 
therefore, also for difference angles of large * r/2in- tion Gy x4, by Got sin(w/T)x;. Analogously, Gy(T/2— 
cluding the regions where the secondary current (or volt- —_x,) is replaced by Get sin s/t (T /2— xq) = Gp T cos 
tage) characteristics bend over. (WT) X_ and the function Gp x,/T, by GoT sin( a/r) Xz. 

In order to do this, we will make use of formulas Substituting in the expression for the signal voltage 
(20) and (21), In the actual construction the functions (24) the currents I,, and i,»,taking into account the ap- 
in, and i,» [formulas (20) and (219) do not have adiscon- _ proximation introduced in formula (26) and bearing in 
tinuity at xy= 1/2 but change continuously (the discon- mind the substitution (27) resulting from the latter, we 


_tinuity occurs only for the case of ideal linearity), In get the following expression for the signal voltage: 


order to analyze the system for rotor positics in the 


vicinity of the points of theoretical discontinuity, and Us=hy sin = =(5 =" mr) sin > % + 
also for differences in position involving these points, _ 
the rational periodic functions igy and fgg are approxi-. + Sin =-(5 — 21) sin= x] = hy sin = (x, — 24) . (28) 
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be 





8) 





Here ky. taking account of the substitution (22), will 
be determined by the formula 


_ wy We, , 
170 >, rs I; 
kg = 7 a (29) 


2% 4. (k2 + k2) 
1X 21 23 





In (29),as well as in (27),we can practically neglect 
the insignificant variation in the current i due to the 
location of the transmitter rotor x; [see (23)]and consider 
that k, *© const, 

Equation (28) determines the character of the changes 
in the receiver signal voltage for transmitter and receiver 
corresponding to arbitrarily large differences, and also to 
zones of theoretical discontinuity of the curves of the 
synchronizing currents i,, and i... 

As we see from (28),the voltage undergoes practical- 
ly the same type of changes with changes in rotor posi- 
tion and with differences in position between the two ro- 
tors as in transformer distance transmission for the known 
types of selsyns of the electrical machine type. 

However, as indicated above, formulas (26) and 
(28) have been obtained for idealized cases, the first 
for the triangular,and the second for the sinusoidal, form 
of these characteristics, 

In the actual construction, characteristics (20) and 
(21) are close to triangles with rounded tops and are 
pctiodic, continuous functions, Therefore,a more rigorous 
analysis of an analogous system for any range of differ- 
ences in the positions of transmitter and receiver and for 
all matching positions over an entire revolution will be 
obtained if we represent the characteristics in (20) and 
(21) in the form of trigonometric series, 

Therefore,we must consider that formula (29) is 
true only for the basic harmonics of functions (20) and 
(21), Therefore, 


U7, = kU; | 5} a(n) sinn(} — 2) x 


n=1,3,5, ... 


x > A;(n)sinn = % + (30) 


1,3,5, «-- 


+ > A; (n) sin n (5 — 21) > Aq (n)sin n= 2y|. 


1,3,5, ove 1,3,5, eee 


is a more rigorous expression for the signal voltage of 
the system, 


SUMMARY 

1, The method of distance transmission by means 
of two-phase induction potentiometers, which we have 
examined in this paper, ensures circular tracking having 
only one stable position for the case in which the trans- 
mitter and rotor positions agree, 

2. The transmitter and receiver of the distance 
transmission system considered in this article are ele- 
ments with single-stage transformation, They are easy 
to construct and may be built to very small tolerances, 

3, The absence of receiver reaction due to changes 
in its rotor position permits us to operate several receivers 
in parallel from one transmitter; in the process,the in- 
dication of each receiver is automatically brought into 
agreement with the transmitted signal, This is of basic 
importance in complex systems in which centralized 
transmitters operate a great many receivers, 

The basic distance transmission properties of con- 
tactless two-phase potentiometers which have been 
examined in this paper permit us to recommend this 
device for use in automatic installations, 
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CONTACTLESS SEMICONDUCTOR SWITCHING ELEMENTS 
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July, 1960 


Original article submitted December 28, 1959 


Contactless switching element circuits developedto replace relays in automatic control systems are discussed, 
and also the calculation of these elements, An example is given of their use in a typical automated system, 


Many different types of contactless devices which 
replace this or that relay have been built in recent 
years both in the USSR and abroad, Such devices have 
a practically unlimited service life, and do not require 
any servicing while in use, 

The replacement of contact devices with contact- 
less ones is especially important in those automatic 
control systems which operate in the presence of dust 
and dirt- for example, in metallurgical plants, ore- 
concentration factories, flour mills, etc, In the foreign 
press, there are communications about the development 
of entire automated systems using contactless switching 
elements (so-called logic elements), built from semi- 
conductors and rectangular loop magnetic elements, 

Only the systems which use semiconductors are 
discussed in this article, 

Elements of switching circuits with contacts are 
shown in Fig, 1; they may be called “and,” “or,” “not,” 
and “command,” according to the functions they per- 
form, 

The existing semiconductor “and,* “or,” and “not” 
circuits may be divided into three basic groups: 

1) using diodes only 

2) using transistors only 

3) using both diodes and transducers 

Diode circuits are presented, for example, in [5] 
and [6], They are very simple and cheap, but when 
several elements are connected to operate one after the 
other, a large number of separate power supplies of 
different amplitude are required; therefore, they are not 
suitable for the system being developed, 

Transistor circuits [3, 5, 6] can be subdivided into 
two subgroups: a) with series, and b) with parallel 
connection o: the transistors, Like the diode circuits, 
the series-connected traasistor circuits require a separate 
power supply for each input, Moreover, when elements 
with series-connected transistors are used, the assembly 
of a number of elements into a common automatic con- 
trol circuit becomes very complex, 

Elements with parallel-connected transistors permit 
the use of one power supply for any number of elements 
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in the automated circuit, and are easily assembled into 
any kind of circuit, 

Combined diode-transistor circuits, depending on 
their use, can be cheaper than transistor circuits (when 
their use reduces the number of transistors required), By 
using parallel-connected transistors, it is possible to 
obtain a system of elements for which only one power 
supply is required, and these elements will easily combine 
into various circuits, The “command* ("memory") 
element is built only from transistors, 

The industrial electrification faculty of the remote 
Northwest Polytechnic Institute (SZPI), as a result of 
research, developed a system of contactless switching 
elements using typical semiconductor diodes and tran- 
sistors, The features of the system developed which 
differ from existing circuits are: 

a) the possibility of simple combination of the 
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Fig. 2, Circuits of contactless switching elements: a) “and” gate, 


b) “or” gate, 


contactless elements developed for the assembly of 
different automated switching circuits; 

b) the operation of the elements is almost inde- 
pendent of the ambient temperature up to 50°C; this is 
ensured by the use of bias on all elements, and by a 
suitable choice of the transistor operating modes; 

c) the absence of a separate “not™ element, and 
the construction of “and,” “or,* and “command"* 
elements with two outputs, “yes” and “not"; this reduces 
the total number of elements required by automatic 
control circuits, 

The input signal to an element can come from any 
sort of transducer which gives a small voltage (thermo- 
couple, photocell, induction switch), or from switching 
apparatus with contacts, Moreover, the outputs from 
the elements can excite the inputs of other contactless 
elements, or of amplifiers, The separate elements of 
the circuits developed are described below, 

A contactless “and" gate which gives two outputs, 
"yes" and “not,” is depicted in Fig, 2a, The input 
transistors Ty, T,, and T; have a common load resistance 
Ry y and their bases are connected through resistances 
Roy» Rog, and Res to the negative terminal of the power 
supply. In this case, all three transistors are on in the 
absence of input signals, a current flows through resis - 
tance Ry and the collector-to-emittervoltage of T,, To, 
and T; is a fraction of a volt, A load resistance Ry» 
is wired into the collector circuit of output transistor T,, 


and its base is connected to the common collector 
terminal of the input transistors through a voltage divi- 
der consisting of resistances Rj, and Rp. Hence, if one 
of the transistors T,, Tp, or Ts is on, the base current of 
T, will be positive (for a suitable relation between Ry, 
and Rp)» and the collector current of T, will be very 
small, Therefore, the potential at the “yes” output 
point will differ little from the potential at point “U,. 
and will be almost equal to the +U,, potential at the 
“not output point, If a positive signal is impressed on 
the base of one of the input transistors, it will be cut off, 
but the “yes” and “not” output potentials will not change, 
due to the other two transistors, which are still-on, If 

a positive voltage is simultaneously impressed on all the 
input transistors, they willall be cut off,no current will 
flow through R;,,, 4 negative base current will arise in 

T,, and this will cause it to turn on, In this manner, the 
“yes” and "not" output voltages will change places; the 
potential on the first will be nearly + Up, and the second 
will be nearly -U,,. 

There is a retistance Rg fed from a low voltage 
supply Up to eliminate the effect of the ambient tem- 
perature, and the heating of the transistors themselves, 
on the output voltages, The temperature has practically 
no effect on the operation of the gate, if Ug and Rp are 
correctly chosen, 

Semiconductor diodes are provided to eliminate the 
effect of the element currents on the primary transducers, 
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‘Fig, 3, Circuit of a contactless "command" switching element, 


and to prevent interaction of the transducers on one 
another, 

The circuit of the “or® gate is shown in Fig, 2b, 
Here there is only one input transistor T,. To turn it 
on, it is sufficient to put a positive voltage on any of 
the three inputs, Otherwise, its operation is analogous 
to that of the “and” gate. There can be practically 
any number of inputs to the “and" and "or" gates; in the 
first gate, this requires an additional input transistor, 
diode, and resistance R,; in the second, it is sufficient 
to add only an input diode, 

The described operation of the “and® and “or" 
gates can occur with input signals from contact or con- 
tactless transducers, If one or more inputs of the "and" 
gate must be connected to the outputs of other contact- 
less elements, then one or more straps (shown by dots in 
Fig. 2a) must be removed from the R,, resistances, and 
the free endsof these resistors are considered as inputs, 

The “or” gate, intended for operation with other ele- 
ments, thust be built analogously to an “and” gate, but 
the R_ resistances in this case must be connected not to 
—Up» to +Up (the input transistors will be on in the 
absence of input signals), In this case, the input of 
each of the transistors must be not positive, but negative, 
and correspondingly, the "yes" and “not"outputs change 
places, 

The circuit of a “command® element, wired like 
a fixed bias trigger, is shown in Fig, 3.° Transistor T, 
is cutoff when there are no input signals, and T, is on; 
this is ensured by appropriate relations between the in- 
dividual resistances in the circuit, When a negative 
pulse is impressed on input 4, or when the “start” button 
connected to input 1 is pressed, transistor T, turns on, 
and Tis cut off. The cut-off condition of T, ensures 
that a base current will flow into T, through resistance 

Thus, when the negative pulse is removed from 
input 4 (or the “start” button is released), T, remains 


_ on, and T, remains cut off. In order to restore T, to 


cut-off and to curn T, on, one need only feed a positive 
pulse to input 4 (or press the normally open “stop* 
switch in input 2, or the normally closed switch in in- 
put 3), 
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Preference was given to junction, over point-con- 
tact, transistorsin developing the circuits, since the latter 
have great variation in their parameters, a large tem- 
perature dependency of their parameters, less mechani- 
cal strength, and less permissible power dissipation, 

Considering the limited number of types of manu- 
factured transistors, the choice of a junction transistor 
was not difficult, It did not make sense to build a sys- 
tem of contactless elements from power transistors, 
since they are large and would require much power, as 
well as heat sinks, It was better to select small tran- 
sistors, but with very small transistors, the base current 
is comparable with leakage and possible noise currents, 
Hence, it was desirable to choose transistors with base 
currents not less than one-tenth of a milliampere, 
Moreover, it was desirable to use hermetically sealed 
transistors for protection against dust and humidity, 
Therefore, the most suitable domestically manufactured 
transistors are the P-13, P-14, and P-15 series, The 
P-13A has the largest current amplification factor of 
all these, and thus permits the connecting of the largest 
number of other elements to its output, Thus, it was 
used in the elements developed, 

It should be noted that silicon transistors are suitable 
for operation at higher temperatures than germanium, 
and, when they are manufactured on a large scale, it 
will become very desirable to use them for automated 
systems which operate at temperatures higher than 50°C, 

The determination of the parameters of the "and" 
and “or® gates essentially leads to the choice of the 
voltages U,, and Up, and the resistances R,, Rp» Rp» and 
Ry. The output characteristics of the P-13A transistor 
are needed for the computation of these parameters, 
These characteristics, taken for one typical sample of 
this transistor, are shown in Fig, 4 at temperatures of 
20°C (solid lines), and 50°C (dotted lines), A load line 
for the resistance R, is drawn on the characteristic for 
a certain voltage U_. The mode must be chosen so that 
the load line will intersect the characteristic at the 





* In the U.S., this circuit is also known as a binary 
memory, or "flip-flop" (Publisher's note]. 
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Fig. 4, Experimental output characteristics of the P-13A transistor, 


knee of the curve,so as tomake the collector current de- 
pend almost entirely on the load resistance Rj, It can be 
seen from this condition that increasing voltage Up 
causes a large current stability against fluctuations of 
this voltage, the temperature, and the base current, On 
the other hand, a long service life of the element is 
desirable, and this is ensured by lowering the voltage, 
According to the manufacturer's data on the P-13A tran- 
sistor, the limiting voltage for a common emitter cir- 
cuit is 10 volts, so Up was set at 6 volts to increase the 
reliability, 

The load resistance, ignoring the voltage drop 
across the conducting transistor, is determined from 
the relation 


U 
| he 
me 


The maximum emitter current I me = 10 ma, The 
resistance Ry, = 680 ohms in the circuits, Hence, the 
collector current will be approximately 


U. 
Lo= Tr, == 8.9ma., 


Drawing the load line corresponding to resistance 
Ry, (Fig. 4), it can be seen that the base current h, 
must be not less than 125-150#a, so that the load 
will fall on the knee of the output characteristic, 
Setting I, = 200 1a for reserve, and neglecting the 
voltage drop between emitter and base, we find the 
resistance 


U 
Res P= °, = 30000 ohms. 





The resistance Rj, is chosen with input transistors 
Ty, Tz, and T; cutoff for the “and” gate (or input tran- 
sistor T, of the “or gate), In this case, the base current 
which will ensure that the output transistor T, is on in 
the “and® gate (or T, in the “or” gate) must also be 
I, = 200 wa, This will give the sum 

R, + R= 7 — $:10° — 30,000 ohms, 

Since the resistance R; found earlier is small in 
comparison to Rp, it can be neglected, and the resis- 
tance Ry, can be made 30000 ohms for standardizatidn, 
The bias voltage amplitude U, must be greater than 
the voltage U_,.. (see Fig, 4) to ensure a positive poten- 
tial on the base of thecut-offtransistor T, of the “or” 
gate, The latter is not more than 0,3 volt for different 
samples of the P-13A transistor, with a resistance R. = 
= 30000 ohms, using characteristics taken at + 50°C, 
Therefore, Ug must be on the order of 0,6 volt, 

The inequality 


U..+U 


must be satisfied so that a positive potential will be en- 
sured on the base of the cut-off transistor T,; from this, 


R 
Ba <4 


For the assumed values of Up, Uce, and Rp, 


0.6 - 30000 
Rg <— ga Rg < 60000 ohms. 
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Fig. 5, Circuit of the transistorized switching 
amplifier, 


Making R, = 56000 ohms, we obtain good cut-off 
of the output transistor T,, as experiments have shown, 

_ It is evident, for the “and® gate in which the input 
transistors Ty, T;, and T; are connected in parallel, that 
the voltage drop Uce will be less than the voltage drop 
across one transistor, Therefore, the same values of Up 
and Rp will ensure even better temperature compensa- 
tion, 

Any diodes which have a reverse voltage greater 
than U_, and current rating greater than |, ,can be used 
as input diodes, In particular, any of the DGTs-type 
diodes are suitable, The only other calculation needed 
for the “command” element is the determination of tse 
resistances for the potentiometer, which comes from 
the formula [1] 


U 
ee 
max 


RosS min. 


1+6 U>Fp 


The amplitude of Ly at 20°C is 30a, according 
to the manufacturer’s data for the P-13A transistor, 
We find that 





—1)\Ry; Ry= Ro 


1 —20 50—20 
ley ay = edu "2 = 3002 = 240 ua. 


Tke minimum amplification factor of the P-13A 
transistor may be on the order of B nin = 25, Then 


Rg <apiga: p< 2500 ohms, 
Roe < (—Sanear —*) 680; 
+ 25 §-3500 


Ros < 10.000 ohms. 
When several inputs are connected to the output 


of one “and” or “or® gate (with the output transistor on), 
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the voltage across the inputs will be even lower than 
calculated, and consequently, the operation will not 
become worse, The voltage across the inputs will be 
approximately 


erg. Ta 
Un = Ry + Rip Rin, 


with the output transistor cut off, where R;,, is the re- 
sistance of all n input circuits, 

Since R;,, = R,/n, then,by setting n = 10 (which is 
sufficient for the majority of the circuits encountered 
in practice), we get R= 30000/10 = 3000 ohms, 

Then 
=P .3000 = 0.81. 
Vin 680 + 3000 

Consequently, each input current will be 0,81 
I, = 162 wa, Since the calculated base current, 

I, = 200 pa, was chosen with a reserve (instead of 
125 to 150 a), the drop to 162 pa will not make the 
system operation worse, 

It should be noted that the transistors manufactured 
at present have a large variation in their parameters 
and characteristics, Therefore, the characteristics of 
each transistor must be taken into account when such 
circuits are built. 

The elements which are constructed from the P-13A 
low power junction transistor have a very small output 
current which is not sufficient to control the coils of the 
power relays, Hence, amplifiers must be used toincrease 
the power, and they may be transistor or magnetic, The 
first type is cheaper, lighter, and smaller in size. There- 
fore, it follows logically to give it preference, The 
circuit of such an amplifier of the utmost simplicity is 
shown in Fig, 5, The amplifier uses two transistors T, 
and T, (type P4B), The transistor shown in the circuit 
with dotted lines is the output transistor of the contact- 
less element, The amplifier works as a phase inverter, 
as does the contactless element itself, The coil of relay 
K is the load resistance of T,; this relay must operate 
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at a voltage U, = 70 volts (since this is the maximum 
voltage rating of the transistor), The maximum power 
rating (Pax) of the P4B transistor with a heat sink is 
25 watts, The load power in this case can be 


P, <4BnaxViP_ <100 watts. 


An amplifier with a P4B output transistor can, in 
this way, control the coils ofdc series KP-500 relays 
up to the fifth size, inclusive (operating at voltages up to 
70 volts), or series KTP relays with dc magnetic systems, 
More powerful transistors (for example, type P207) can 
be used to control relay coils with larger current re- 
quirements; this may require the addition of one more 
amplification stage, 

The load power of the output stages mentioned 
corresponds to ambient temperaturesup to 30°C, with 
the use of a suitable heat sink, For smaller heat sinks 
or ambient temperatures higher than 30°C, che P4B 
transistors can control only smaller relays, 

For standardization, the first transistor T, is also 
a P4B, The resistance R;, is chosen on the basis of the 
base current of T,, with a signal impressed on the 
amplifier input from the output of any of the elements, 
This current will be 


U, 6 
Jy = FP = agp “10° = 8.9 ma. 


We find from the output characteristic of the P4B 
transistor (which is not shown in the article, but appears 
in handbooks) that the collector current Too, Must be 
® 75 ma so that the voltage U,. will not be more than 
1 volt, if the current 1}, = 8.9 ma, 

The resistance 


gt. 0 — Uc 6—1 


ae ae 





In finding the necessary base current of T;, the load 
resistance of the coil of the fifth size series KP-500 relay 
must be taken into account; Ry is 70.5 ohms at a vol- 
tage of 55 volts, A current 


I S 
Ike= Rx = 70.5 = 0.77 amp. 





corresponds to such a resistance (assuming U,, = 1 volt), 

The base current Ip, must be = 50 ma so that Uce 
will not be more than 1 volt, 

If the collector of T, is directly connected to the 
base of T,, the base current of T, will be Ih, = Iq = 75 
ma with T, cut off. 

Since this current is larger than necessary, more 
reliable operation of the amplifier is assured, 

An external view of a contactless “command® 
element (2 units in one case) is shown in Fig, 6; (a) with 
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Fig. 6, 


the cover on, and (b) with the cover off, The initial 
construction was done with standard cases and sockets 
for the IR-type relay. 

A commonly used circuit for controlling the 
machinery for moving and locking the cross-slide of a 
powerful metal turning lathe (a) and an analogous cir- 
cuit using contactless elements (b) is shown in Fig, 7. 

The control circuits for the motor which moves the 
cross-slide up and down and the motor which clamps and 
unclamps the cross-slide by means of a special lever- 
screw device are shown in Fig, 7a, Relays UR and DR 
control the slide motion motor, and CC and UC control 
the clamp — unclamp motor, In order to move the cross- 
slide upwards, one presses the appropriate button, and the 
intermediate relay 1 IR is energized, This relay first 
turns on the unclamp relay UC, When the unclamping 
process is completed, limit switch LS opens, the un- 
clamping is stopped, and the cross-slide begins to move, 
After the “up” button is released, or URS opens when 
maximum travel is reached, relay 1 IR and the coil of 
the UR are deenergized, and the upward movement 
ceases, Simultaneously, the clamp relay CC is ener- 
gized, Clamping of the cross-slide ceases when the 
overload relay OR operates; its coil is connected in 
the main circuit of the clamp motor, The operation 
is analogous for downward motion, 


A block diagram of the same device with contact- 
less elements is shown in Fig, 7b, Only the input and 
output elements are shown in it, All outputs without 
designations are “yes” outputs, “Not” and other outputs 
are indicated by appropriate labels, 

When the “up” switch is pressed, input signals are 
fed to the “and/not* element, the “or* gate, and the 
"and" gate, The connection of an input signal to the 
*and/not™ element removes the signal from the input 
of the “and,” gate in the circuit of the CC coil, and so 
the latter cannot be energized, A signal is fed from the 
"or" gate to the “and,* gate, A second input to it comes 
from the “and,” gate with a “yes output, Hence, the 
UC coil is powered through amplifier A,, and begins to 
unclamp the cross-slide, When the slide is unclamped, 
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Fig. 7. 


the limit switch LS opens, the “and,” gate does not 

give a “yes” output, and consequently, there will be no 
output signal from the “and,” gate, The UC coil is deen- 
ergized, The removal of the input signal from the” and,” 
gate will cause its “not® output to cease, and as a re- 
sult, the UR coil is energized through “and," and am- 
plifier A, (one of the inputs to “and," comes from the 
“up” switch, which is still pressed), When the *up" 
switch is released, a second input signal will be im- 
pressed on “and,” (the first being present from the open- 
ing of LS), and consequently, a “start” pulse will be sent 
to “command.” As a result of this, the CC coil of the 
clamp motor will be energized through amplifier A. 
Clamping of the cross-slide is begun, It will continue 
until the OR relay operates; this feeds a "stop" pulse 

to the “command” element, thus deenergizing the CC 
coil, and causing the clamping of the slide to stop, 


Pilot lamp PL (as in the circuit of Fig, 7a) lights when 


the slide is unclamped, In the circuit being discussed 
(Fig. 7b), push button switches, limit switches with con- 
tacts, and the contacts of the overload relay are shown 
as input transducers, Replacing these with contactless 
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elements, if necessary, does not cause any special dif- 
ficulties. Induction switches can be used as connecting 
and tracking devices; they can have very small dimen- 
sions, since the input signals are of such low power, 
Contactless relays, which operate from a comparison of 
voltage drops in the main current circuit with a refer- 
ence, can be used instead of current-operated contact 
relays, 

The circuit being considered has a relatively small 
number of relays, and only illustrates the principle of 
using the elements developed, They can be used with 
considerably more effectiveness in circuits with a larger 
number of relays, 

The dimensions and weight of equipment which uses 
the contactless elements described is significantly less 
than of that using contact relays, The service life is 
determined by the service life of the transistors and 
diodes which, according to existing preliminary data, 
may be years if the operating modes are correctly chosen, 
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The construction of an induction clutch is described; it is simpler to make and more reliable in use than induction 
clutches described earlier in the literature, A calculation of a hollow rotor is made; it is based on experimental 
data which confirm the possibility of considering the hollow rotor as a squirrel cage consisting of a finite number 
of bars, The effective flux, torque, and geometric dimensions of the basic clutch parts are also calculated, 


Recently, induction clutches have found use in 
automatic apparatus where they are intended to oper- 
ate in servosystems as low-inertia controllable drives, 
These clutches work on a principle analogous to that of 
the asynchronous slipping clutches [1], The operating 
principle and constructional diagram of the clutch are 
given in [2], Induction clutches do not differ in their 
dynamic properties from two-phase motors with hollow 
rotors, and are better than dc motors, Their advantage 
is that powerful magnets, electromagnets, or electronic 
amplifiers are not required for controlling them, 


1, Description of the New Clutch Construction 





The clutch being examined in this article is separ- 


ated into two halves in order to simplify the construction 


and also to increase the reliability in use, Each half 
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(Fig, 1) consists of a motor 1, star-wheel 2, hollow 
rotor 3, control winding 4, and stationary flux path 5, 
Two clutches working on a common gear box must be 
used so that reverse is possible, The theoretical kine- 
matic diagram of the clutch combination is shown in 
Fig. 2. To accomplish reverse, the clutches could be 
combined as shown in Fig, 3, One motor serves as the 
drive for both clutches in this scheme; it is linked to 
them through a gear box, However, it can be affirmed 
that the use of a separate squirrel cage induction motor 
to drive the second clutch simplifies the construction 
and makes it more applicable for operation in servo- 
systems, since the insufficiently reliable and noisy ele- 
ment — the second gear box — is eliminated by doing 
this, The clutch whose constructional diagram is shown 
in Fig, 1 is simpler to make and more reliable in use 
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Fig. 2, Combination of the two halves of the clutch with a gear box, a) Using spur 
gears, b) using bevel gears, c) a¢tual construction of the type of combination shown in a). 
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Fig. 3, Diagram showing 
two half-clutches connected 
to operate from one drive 
motor, DM~ drive motor, 
HC — half-clutch, R— gear 
box, 


than the clutch described in [2]. If the double clutch 
breaks down, it is replaced by another double clutch; 
in case of failure in a system consisting of two half- 

clutches, only one of its halves is replaced, 


2, Calculation of Induction Clutches 

Calculations of induction clutches done in the 
literature, particularly in [2], are based on speculative 
conclusions, and therefore, the correctness of the cal- 
culated formulas is not always confirmed by a check 
on the finished clutches, This author has succeeded in 
devising a method for calculating induction clutches, 
based on data obtained as results of specially designed 
experiments; the calculation is analogous to that for 





electrical machines, One must be able to determine the 
amplitude of the emf induced in the hollow rotor, the 
flux magnitude generated by the control winding, and 
finally, the ohmic resistance of the rotor, in order to 
calculate the geometric dimensions of the individual 
elements of the clutch, Therefore, a description of the 
experiments which permit one to find the comparatively 
simple solution of the problems enumerated above is 
presented below. 


Data of the Experimental Investigation of the Hollow 


Rotor 

The hollow rotor, as will be shown below, can be 
considered as a squirrel cage, in which the distance 
between bars is very small. The following experiments 
performed by the author serve as the basis for this state- 
ment, A strip of copper foil with a width equal to the 
axial length of a tooth of the star-wheel is fastened 
along the inner surface of the stationary flux path 
within which the star-wheel rotates, The length L of 
this strip is changed from experiment to experiment, 
beginning from the full length 12T of the circumfer- 
ence of the internal bore of the flux path, and passing 
through a series of vaiues equal to 6r, 2 ,t , T/2, 7/4, 
t /18, andt/36, In the last experiment, a thin wire 
was used as the strip, 

Assuming the tooth width ist, and the teeth are 
equally spaced with gapT, we can write 
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where D is the diameter of the star-wheel, and z is the 
number of teeth on it, 

Two wires, led outside the flux path, were soldered 
to the middle of the edge of the strip on two sides). The 
voltage across the strip edges was measured with a 
vacuum tube voltmeter for all of the foil sizes listed 
above, The measurement results are given in Table 1, 

It can be seen from Table 1 that the voltage re- 
mains unchanged for strip widths of 2F and above, 
Likewise, the voltage remains unchanged for strip sizes, 
from T/18 to the thin wire, Let us suppose that the 
hollow rotor is like a squirrel cage with infinitesimal 
distance between “bars”, Consequently, each “bar® has 
its own electromotive force induced in it, The har- 
monic curves of the change in the emf of each “bar® 
are shifted in phase by the solid angle between the bars 
being considered, Keeping in mind that all the bars 
are connected in parallel and are spatially shifted rela- 
tive to one another, the whole arrangement can be con- 
sidered as a series of parallel-connected sources of an 


alternating emf, Consequently, at each moment the 
total instantaneous value of the emf, assuming that the 
resistance of the “bars” is the same, will be equal to [4] 
€1 + eg +---e 
Dine = 5, (1) 


n 





where e is the instantaneous value of the emf in a given 
bar at a given time, and n is the number of parallel- 
connected emf's or “bars*, If any emf in one or more 
bars has a negative value at a given time, its amplitude 
in expression (1) is written with a minus sign, Hence, 
the measured emf*s shown in Table 1 are the total emf 
of sources connected in parallel and shifted in phase, 
However, starting with the thin wire and up to the strip 
which ist /18 wide, the amplitude of the emf remains 
the same, In this parallel connection, the phase shift 
caused by the spatial shift of the infinitely thin con- 
ductors does not cause a noticeable change in the total 
emf, if the angle is less than a certain value, This may 
be seen by constructing two arbitrary harmonic curves 
shifted in phase, let us say, by T/18, or 10 electrical 
degrees. Let us assume that the emf in each conductor 
is sinusoidal, Then for the two curves shown in Fig, 4, 
and shifted by T/18 or 10 electrical degrees relative to 
one another, it can be said that one of these curves varies 
as sin wt, and the other as sin(wt-10), The amplitude 
is set as unity in both cases, The amplitude of the re- 
sultant curve will be defined at the intersection of these 


TABLE 1 











T 


Fig. 4, Two sine half-waves, 
shifted in phase by T/18, 


curves, This point lies at 95 electrical degrees for the 
first, and 85 for the second carve, In this case, the 
amplitude of the resultant curve will equal 


yl — sin 95° + sin 85° = 0.996. 





Consequently, the effective value of the resuitant 
emf will be 


0.996 
Eeff = “L41 = 0,706. 
For unity amplitude, 
1 
cert = L41 = 0,709. 


Consequently, the difference between the effective 
(0, 709-0, 706)- 100 

0,709 - 
= 0,38%, One can see that the emf in the thin conductor 
and that in the conductor T/18 wide can be considered 
equal, This is confirmed by experiment (see Table 1). 
It can be considered, on the basis of what has been said, 
that the number of “bars" in a hollow rotor is 





values, expressed in percent,will equal 


n, = = 362. 
Te Tt 

The optimum number of teeth is z = 6 for all 
clutches, regardless of their power and speed, In this 
case, the number of “bars” n, = 216, 

As can be seen from Table 1, the measured voltage 
decreases according to the degree to which the circum- 
ferential strip length is increased, An emf is induced 
in the “bars” of the strip which is equal _in length to 
the circumference of the hollow rotor; this emf is equal 
to the emf measured in the strip or thin conductor, We 
will assume that the emf in the “bar" is sinusoidal, as 
before, During one-half of the period corresponding to 
T, 18 harmonic curves which vary sinusoidally as sin(wt— 
—) are induced, and are shifted by ¢ = 10 electrical 
degrees relative to one another, In this case, the total 
emf at each instant can be determined from expression 
(1). All these harmonic curves are expressed by the 
functions; sin(wt— 0), sin(wt— 10), sin (wt—- 20),..., 
sin(wt — 180), respectively, 
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wt | 0 30 














Ze net | —0.6 | —0.52 | —0.30 | 0 


ae 10 


0.30 | 0.52 0.6 








The résults of the summations according to ex- 
pression (1) for the instantaneous values wt = 0, 30, 60, 
90, 120, 150, and 180 electrical degrees are presented 
in Table 2, 

As can be seen from Table 2, the amplitude of the 
resultant curve is defined at wt = 0 and 180 electrical 
degtees, The amplitude of the total curve is thus equal 
to Cay res” 0.6 emax ° where €max is the amplitude 
of one curve which varies sinusoidally as sin(wt— ¢), 

Consequently, the effective value of the resultant 
emf is €eff res = 9.415 €,,,,- 

The emf measured in the thin wire, according to 
Table 1, is 0,175 volts, Assuming that this emf is sinu- 
soidal, we find that its amplitude is 0,175. 1,41 = 0,247 
volts, Consequently, the effective value of the resultant 
emf for 18 components, according to the preceding, 
will equal Cefe res = 0,247- 0,425 = 0,105 volts, 

The voltage measured across the strip of widthT, 
corresponding to a half-period, will be €.¢¢ = 0,133 
volts, according to Table 1, 

Keeping in mind that the emf in the thin wire does 
not in fact change sinusoidally, but according to the 
curve shown in Fig, 5, it can be acknowledged that the 
measurements approach calculated data rather closely. 
All this confirms the correctness ot the assumption that 
the hollow rotor can be considered as a squirrel cage 
which consists of a definite number of “bars* shorted at 
their ends by cylindrical strips lying beyond the limits 
of the teeth on the star-wheel, 
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Fig. 5, Oscillogram 
of the change in the 
emf in a thin wire, 
and in a conductor 
T/18 wide, 





3, Calculation of the emf in One “Bar* of the Rotor 

An emf is induced in a rotor “bar® in the same 
manner as in high-frequency induction machines, A 
description of the mechanism of inducing the emf and 
the method of calculating it is given in [3], where the 
amplitude of the induced emf is determined from the 
formula 





Eetp= 2k,W /D,- 10-* volts. 


Here, kj, is a coefficient of the instantaneous emf 
curve equal to approximately 1,15, according to [3]; 


W is the number of turns (in our case, W = 0.5); f is the 
frequency of the current, equal to f = nz/60 in our case; 
n is the angular velocity of the motor in rpm; ®, = 
=o - ®, is the effective value of the flux. 

in the last expression, ®, is the flux of one tooth, 
and ®, is the gap flux, 

Consequently, the expression for the electromotive 
force, as it pertains to the “bars® of the rotor and the 
six-pronged star, takes the form 


Ege = 11.50%," 107" voits. (2) 


Calculating the Flux ®, 

The flux ®, is calculated on the basis of the follow- 
ing considerations, The overall flux generated by the 
teeth of the star is determined from the formula 


Roy 
where AW, are the ampere-turns which generate the 
flux in the air gap, and R,, is the reluctance of the air 
gaps, The flux path has two gaps: 5, — between the 
star-wheel and the flux path, and 5, — between the hub 
of the star-wheel and the flux path (see Fig, 1). 





Doy — 





Therefore, 
Roy _ R, + R, 
dik, Qiks Be 
fi =—3- =r kt” 


Here R, is the reluctance of the main air gap; 
R, is the reluctance of the air gap between the hub of 
the star-wheel and the flux path; S — the cross section 
of the teeth on the star-wheel, reckoned from the inner 
diameter of the wheel; D— the inner diameter of the 
wheel, in cm; / — the axial length of a star-wheel tooth, 
in cm; Dy; — the diameter of the wheel hub; /;;— the 
hub length over the part adjacent to the stationary por- 
tion of the flux path, in cm (see Fig. 1); kz — the 
Carter coefficient, which accounts for the fact that the 
wheel is toothed, and is determined from the formula 


k __ t+ 108; 
3 b+ 108," 


In the last expression , t = * D/6; b = 1 D/12. 
Consequently, 
Ry = mPa tathe + DI 
Dal a 
whence 


1,26-0.85AWxDID,,1 


wv =—aDalgte 
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where AW are the ampere-turns which generate the flux 
®,, in the air gap and in the steel flux path, 

The coefficient 0,85 in the last formula takes into 
account that approximately 85% of the ampere-turns are 
effective in generating the flux in the air gap, 

The flux in one tooth is 

, = Voy t 0.56AW DID; Ih; 
6 2D ylighs + B2D1 

The flux ®, generated in one gap is determined 

from the following expressions [5]: 








bik + 
tk’ 
where m =  D/12 is the gap width. 


Dy = 1.55AW1 Ig 


One can therefore write 
®, = @, _ @M g> 
0.56AW DID, 1 tik, + > 
oe HH _ (8 cor dee 
Dy lh + ByDI 1.55AW1 lg uh -(3) 
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The amplitudes of the emf's induced in the thin 
wires of two finished clutches, and the calculated values 
of the emf"s from formulas (2) and (3),were compared 
in order to check how closely the calculated values 
approach reality, The results of the comparisons are 
given in Table 3, 

As can be seen, the values computed from formu- 
las (2) and (3) are sufficiently accurate for practical 
use, 


5, Calculating the Ohmic Resistance of the Rotor "Bars" 





The computation of the rotor resistance is analogous 
to that for a squirrel cage, As is known [6], the phase 
resistance of a squirrel cage is 


’ 2ry 
Trot = 'b +> (4a) 


where ft, is the resistance of a squirrel cage bar; 2r_/c* 
is the resistance of the part of the short-circuiting ring 
which contacts the “bar*, The “bar® resistance of a 
hollow rotor is 
ot, 
S 

where p is the resistivity of the rotor metal; 7 — the 
“bar* length in meters, taken as the axial length of the 














s Lipo 
! Planar view 


edge of the 
Bar" lengt Sitiehe 
rotor 


star-wheel; S = m= — the cross-sectional area of the 


bar in mm?*; D—- the rotor diameter in mm, andA — the 
wall thickness of the hollow cylindrical rotor in mm, 
The resistivity P must be chosen on the basis of the 
expected overheating temperature of the rotor being 
planned, For aluminum at an overheating temperature 
of 100°C, p = 0,035, and for duralumin at 150°C, p = 
= 0,07, 
Consequently, 
ry, — 8:9-10-*Hl 
pie tiny 
There are no so-called short-circuiting rings in the 
hollow rotor, but the edgesof the rotor which protrude 
beyond the limits of the star-wheel (as shown in Fig, 6), 
can be considered as short-circuiting rings Therefore, 
the resistance ry in the expression 2ry/c* for the edge 
of the hollow rotor included between the axes of two 
adjacent “bars® is determined analogously to r,,: 


(4b) 


I 
Tx — Fr ’ 
where 1, =~ = 14,5-10-® Dis the 1 f the pro- 
ere Kh, = 14, s the length of the pro 

trudiag edge (in mm), pertaining to one bar, equal to 
the distance between the axes of two adjacent “bars* 
(see Fig. 6); Sx = a4 — the cross section of the edge in 
mm"; a— the edge width in mm (see Fig, 6); A — the 
wall thickness of the edge in mm, 

Consequently, 

14.5-10-*Dp 
a ee 

The quantity c* in the expression 2ry/c* is deter- 

mined from the formula [6] 








TABLE 3 
Emf measured in a wire 
Emf computed from Error, % 
Clutch power, watts} equal to the tooth length, formulas (2) and (3) 
volts 
50 0,04 0,047 17.5 
500 0,175 0.190 8.5 
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TABLE 4 





Error, % 





from experi- 


mental data, 


ohms 








Rotor bar resistance 


calculated, 


ohms 





power during clutch 
engagement, watts 


Drive motor shaft 


81 
190 
630 


{520 





Emf in a bar 
7/18 wide, velts 





Dimm ol 





Dimensions 








e a, mm i.mm 








Rotor 
material 














Clutch 
power, 
watts 


Note: The values of p are given for a 50 watt clutch with an overheating temperature of 100°C; the overheating temperature is 150°C for clutch 


powers greater than 50 watts. 





*P -: 2 sin 180.6 


¢ = 2 sin ion 
n, 216 


== 0.174, 

where p is the number of pairs of poles, In our case, p 
is equal to the number of teeth, that is,p = z = 6, Thus, 
c = 0,174 and 


2r~ =: 9.66 - 10-*pD 
ems (4c) 

The total phase resistance of the rotor, that is, the 
“bar™ resistance of the hollow rotor and the parts of the 
rotor edge in contact with them, is found by substituting 
the values from (4b) and (4c) in (4a): 


6.9-10-? p (al + 1.4-10-*D*) 
"rot = Dad ¥ “) 
The method shown for determining the ohmic resis- 
tance of the rotor “bars® can be checked experimentally, 
Keeping in mind that the motor shaft power is entirely 
dissipated in heat as the clutch is engaged, we can 
write 








F2 
PR = - ré oe ie eff 
mo= “My ng 1-025-10°§ = rity (5) 

where Prnois the shaft power of the motor during clutch 
engagement, Mg is the starting torque of the clutch, 
and n, is the motor speed during clutch engagement, 

Thus, 

E* 
# = “s¢ 


r . 
” P mo 





Data obtained from finished clutches are compared 
in Table 4; this permits one to compute the ohmic 
resistance of a rotor “bar* from formula (4) and from 
the experimental data as used in formula (5). 


6, Calculating the Clutch Torque 

During engagement to the motor shaft, a torque 
is applied equal to the starting torque of the clutch, 
Consequently, one can write, on the basis of expression 
(5), 





n, Fee 108 211 - Beer 10° 
Tot “mo 1-025 "rot mo 


Substituting the value for r,, from (4) and for 





My (6) 





E eff from (2) in expression (6), we get 
Ann Pa Da A-10-” 
My, = p (al + 1.4-10-*D¥) * (1) 
The expression for the flux can be put in the form 
@=fTlB 


where T = — . 2 is the tooth length of the star-wheel 


in cm, and B is the flux density in gauss. 
For the six-pronged star, T = 0,261 D (D in mm), 
and one can write 


© = 0,261 DIB, (8) 
Substituting © from (8) in expression (7), we get 


741 











27.2-10-1 ny, DBA 





Ms (9) 


p (al + 1.4-10-*D*) 

Since the torque developed by the hollow rotor is 
caused by the rotor slipping with respect to the rotating 
star-wheel, the general expression for the clutch torque 
can be put in the following form: 


27.2-10-* n, sD3[*B2aA 
p (al +- 1.4-10-*D2) 





M.= (10) 
where s = "w~ "rot is the slip of the hollow rotor with 
Dw 

respect to the star-wheel, ny is the speed of the wheel, 
and Noe is the rotor speed, 

It can be seen by comparing expressions (9) and 
(10) that the torque is proportional to the slip, if the 
flux and speed of the motor change very slightly. 
Consequently, the characteristics s = f(M), or n = 
=f (M) will vary linearly, In reality, the clutches 
actually made have an n = f(M) characteristic which 
is not strictly linear, But to simplify the solution of 
the problems concerning induction clutches, one can 
assume that this characteristic is linear, Consequently, 
the characteristic n = J(P,,,,), where P,,,, is the power 
at the clutch shaft in watts, will be parabolic, The 
maximum power developed by the clutch (the apex 
of the parabola) will be developed when slip s = 0.5. 


1, Calculating the Geometric Dimensions of the Clutch 








The determination of the basic dimensions of the 
main clutch parts is based on expressions (9) and (10). 
One must also consider what dimensions are desirable 
from a standpoint of construction. The valuesn,,,.B, a, 
and A in expressions (9) and (10) must be determined 
from a number of variables, keeping the following con- 
siderations in mind: 

a, Increasing the motor speed reduces the clutch 
and motor size, and also reduces the exciting ampere- 
turns, However, the noise of the clutch at higher speeds 
becomes significant, and the requirements on dynamic 
balancing of its rotating parts become more stringent. 

b. In choosing the fiux density B in the air gap, one 
must simultaneously check the degree of saturation in 
the individual parts of the flux path (in the root of a 
star-wheel tooth, in the hub, and in the cavity of the 
stationary flux path). 

c, The values of a andA can be selected on thebasis 
of the data shown in Table 5, for clutches planned to 
operate at high frequency (400 cps). 


TABLE 5 





Powerr - | 
watts 5-50 os 125—300 | oes 
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d. The most favorable ratio of D to 1 is determined 
from computations using a number of variables. 


8. Calculating the Clutch Excitation 

In calculating the clutch excitation, one must 
take into account the ampere-turns necessary for the 
two air gaps and for the steel flux path, The general 
expression is written in the form 





LAW = Ale oe AW s, te AW,,, 


where ZAW are the total ampere-turns, AWsf — the 
ampere-turns of the steel flux path, AWs ,~ the ampere- 
turns of the main air gap, and AWs, — the ampere-turns 
of the air gap between the star-wheel hub and the sta- 
tionary flux path. 

The method of calculating the ampere-turns is 
shown in various references (see, for example, [6]). In 
connection with this, one should keep in mind that the 
flux of the star-wheel goes only in one direction, and 
therefore, formula (6-5) in [6] takes the form 


Fs = 0.8Bs 5. 


9. Calculating the Drive Motor Power 

It was shown above that the clutch develops maxi- 
mum power when the slip s = 0.5, Consequently, the 
drive motor must develop a power of P,,,.. = 2P;yp, where 
Pmp isthemaximum power of the clutch. This means 
that the nominal power of the motor must be twice the 
nominal (maximum) clutch power. The overload rating 
of the drive motor is determined from the following 
calculation, The starting torque of the clutch, as was 
shown above, is found from the relation Mg = 2Mpom» 
where Mnom is the nominal clutch torque. 

It follows from the preceding that the drive motor 
speed during clutch engagement is thus equal to n,,,* 
 2nys » Where ny is the nominal speed of the clutch, 

Consequently, the motor must develop the power 





Pino = 20s 2Myg° 1.025- 10°* & 4Pryig 


as the clutch is engaged, 

This means that the motor must develop a maxi- 
mum power which is twice its nominal power, 

Note; The motor slip was not taken into account in 
the calculations which have been made. Moreover, it 
has been assumed that the mechanical characteristic 
of the clutch, .,.* fi co» is linear, 
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The effect of magnetization irregularity on the static characteristics of cores is considered, Characteristics 
obtained by experiment and by calculation are compared, Some recommendations concerning the selection of 
geometric relations of a divided magnetic circuit are given, 


The present paper is devoted to further studies of positive saturation 
the magnetization irregularity effect on the core static 
characteristics, In [1-3], the irregularity in core mag- S »» + tg6 (h + bp), (3) 
netization was considered for a toroidal magnetic cir- negative saturation 
cuit and for a hysteresis loop in the shape of a parallelo- 
gram, In this, the slope of the Vigtinesksi” satliek mrp * OO) (4) 
of the hysteresis loop was not taken into account (the by~bp bp —bp 
angle 6 = 0), The characteristics of materials used in Here, tg5 = ——-— © 

hg hp hp 

ee ee eres cone nee. one Senetion saturation and maximum magnetization branches of the 
region (the angle & # 0), which has to be taken into =| = 
account, This is especially important in analyzing the eas ies 
operation of a divided magnetic circuit, Symmetric Hysteresis Loop Cycles 

In the present paper, we shall consider the mag- Rising branch 
netization irregularity effect on the core characteristics b hy +h 
in the case where the material hysteresis loops are of on Ka — Img) — hp] + igor =e 
the shape shown in Fig, 1, The dependence of the mag- hy +h, (5) 
netic characteristics of a core with a divided magnetic — tgd hp» 
circuit on its dimensions and the location of the mag- can Ye 
netizing winding will also be considered, b 

For the sake of simplicity, the effect of the core 
magnetization irregularity will be analyzed for a tor- 
oidal shape of the magnetic circuit. 


1, Toroidal Magnetic Circuit 

In order to determine the B =f(F) magnetic charac- 
teristics of the core when the material hysteresis loops 
have the shape shown in Fig, 1, it is first necessary to 
find a mathematical expressica for individual branches 
of hysteresis loops in the b = f(h) form [3). 

Mathematically, individual hysteresis loop branches * 
can be represented in the following manner: 


The Ultimate Hysteresis Loop 
Rising branch 
2b h, +h h, +h 
bm ae | arity B) + tea? (h— hp), (1) 


descending branch 





is the slope of the 
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2b h, +h h, +h 
bm ae (b+ AZ) + ted Ph + hide ay ity 
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26 ae Fi+F ) 
- P a aE 
= u) + hyp] + tga aE h + b= er \F et 2 )+ 
et A se 
a 
+ tga; —_" hy 5 i F.+F R (13) 
8 Pp B . 
+ tg 857? (F St Fe) 
positive magnetization 
b positive saturation 
b= (ou hp) + te jen + tbh, (7) 
86? A al 5 R, 
= by +- tg (¥ a+ Fp), (14) 
negative magnetization 
b,, 
| j, em —h,)— tg ve i, + negative saturation 
h, — (8) 
b=—b,+txs(F>'—F,). 8) 
By substituting h = Dy, in Eqs, (5) and (6) or (7) and t / 
(8), we can determine the loci of the peaks of symmetric 
mrrremester tu Capes Symmetric Hysteresis Loop Cycles 
: Rising branch 
3 
b= i — tr, Vm — hy) + — ji, Malen — hj). (9) 
by 
b=,—,, [QF —Fe e— Fp|+ 
For hy = h, values, the material magnetization is s 
reversed with respect to the ultimate hysteresis loop. (16) 
For this, the maximum induction values are determined / 
r F.+F, R, F,, R, 
by the hjy value, and they lie on the straight line F igé FF, F 7 F, --P, | Fu aa Fy 
b = bp + tg d(hy + Ap). (10) 
z ver 3 descending branch 
For field strength values hy, = hp. the material " R 4 
magnetization will not be reversed with respect to the b= r 2 7 | er 4+ Fy) z + F, | + 
symmetric hysteresis loops; in this case, the maximum ° P 
induction values will lie on the straight line 
Fi+F, RR 
b= by, 186. @1) + tgs |e Fat (a7) 
8 p 
However, individual layers of the core material 
will have different field strengths for the same magneti- 
zation ampere-turns, Therefore, for determining the a4 F. ( P R, ws )| s 
total change in the B = f(F) core induction, Eqs, (1)-(11) F,—F,\"R Pp} |} 
should be reduced to the b = f(F) form and then sub- 
stituted in Eq. (8) [3]: positive magnetization 
Ry 
b R 
i Pp B , 
3 (18) 
The transformed Eqs, (1)-(11) will assume the ; F,, i 7 
following forms, respectively: + tg Ps 3 r+ ¥5=7, (Fa te Fy) | ’ 


Ultimate Hysteresis Loop 


Rising branch negative magnetization 
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In order to find the‘hormal magnetization curve,” 
Eqs, (9)-(11) must be reduced to the following form: 


b R, 
bm pte [Fae Fo] + 


R 
+ pity | Fea g— FSI, (20) 


: R 
b= by + tg8| Ryo + F,). (21) 


R 
b=tgi Fy. (22) 
R 
b,-b 
In this case, we shall assume that tgs = ——2 = 
F,-F 
b - bp J P 
= determines the saturation line slope for the 
F. 
P 


internal layer of the core material (R = Rg). For this, 
the core dimensions are so chosen that the inequality 


a< 6B (23) 


is satisfied (case 1 [3)). 

Here, 6 = h,/h, = F,/F, is the coefficient which 
characterizes the magnetic material. 

In dependence on the maximum value F), of mag- 
netization ampere-turns, the alternating magnetization 
of the core will take place under different conditions. 


Three shapes of symmetric alternating magnetization 
loops can be distinguished: 1) for the Fy < Fy, = oF 
values, 2) for the aF_ < Fyy = F, values, and 3) for the 
F,< Fy, 5 OF, values, 

The derivations of analytical expressions describing 
the total change in the core induction B = f(F) for 
different alternating magnetization conditions are given 
in the Appendix, By using these equations, we deter- 
mined the family of symmetric alternating magnetiza- 
tion loops and the normal magnetization curve for the 
bp =1, b, = 1,4,a = 2, and 6 = 4 values; the results are 
given in Fig, 2, In plotting the calculated characteris- 
tics, the relative quantity F/F_ was laid off on the axis 
of abscissas, In this, the maximum value of magnetiza- 
tion ampere-turns was chosen in such a manner that 
F,y/Fp = & for the first type of symmetric alternating 
magnetization loops, Fy4/F,, = 8 for loops of the second 
type, and Fyy/F, = @B for foops of the third type. 

For the sake of comparison, Fig. 3 shows the family 
of symmetric alternating magnetization loops, obtained 
experimentally for a core made of the 50 NP material, 
the dimensions of which are given in Table 1, 


Figure 4 shows the B =f(F) dependence of the ulti- 
mate alternating magnetization loop and the “normal 
magnetization curve" (dotted line), which were plotted 
separately with respect to the known material parameters 
hy» bg, bo and b., 

From the plotting in Fig. 4, it is obvious that the 
intersections of the continuations of linear portions of 
the “normal magnetization curve" with the coordinate 
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the average voltage over a half-period, and F are the 
pare magnetization ampere-turns for a sinusoidal current, 
Since the value of U,, is proportional to B,,,,, it 





a can be considered that the | Uay = F(F) dependence is pro- 
portional to Bmax = F(F). 
2) The “normal magnetization curve" Bmax = f(F), 
Ps + le F which is obtained experimentally, is plotted in a coor- 








of the “normal magnetization curve" until they inter- 
sect the coordinates and each other, we obtain the 
X, Y, and Z intersection points (Fig, 4), It is obvious 
from the plot that the magnitude of OY corresponds to 
the b, value; the projection of OZ on the axis of or- 

Fig, 3, dinates corresponds to the b, value; the projection of 

OZ on the axis of abscissas corresponds to the Fg(a — 1)/ 

axes and with each other make it possible to determine /\ne value; and the projection of OX on the axis of 
the values of b,, by, F,(o — 1)/Ine., and F,(e — 1)/Ine— abscissas corresponds to the Fy(a — 1)/Ina value. Hence, 





JE ad dinate system, Then, by continuing the linear portions 





by means of which all parameters of the magnetic ma- since the value of a is ae we determine the P Fy» 
terial can be determined if the value of @ is known. tg5 = (b~ by)/F,, and bp p. +3, values, and we 
) find the material frond BA » and b. 
Thus, if the material hysteresis loop is known, then, 3) By substituting the foun ae de in Eqs. (38)- (42) 
for certain given dimensions of the toroidal core, it is (see Appendix), we can calculate the “normal mag- 


possible to plot the family of the core alternating mag- _"¢tization curve," Moreover, by plotting the theoreti- 
netization loops and the *normal magnetization curve," 4! curve in the same coordinate system as the experi- 


i Conversely, by means of simple geometric constructions mete curve, we can estimate the accuracy in deter- 
ons and calculations, the magnetic material parameters h_, mining the magnetic material parameters, 
h,, b,, and b, can be determined with respect to the Figure 5 shows the experimental (solid lines) and 


available experimental “normal magnetization curve," the theoretical (dotted lines) normal magnetization 
Let us consider the order of determining these para- curves for different cores, the data of which are given 


; meters with respect to the experimental “normal mag- in Table 1, 
netization curve," A comparison of characteristics obtained by ex- 
1) We plot the experimental dependence U,, = S(F) periment and by calculation (Fig, 5) shows that, if the 
for a core whose dimensions are known, Here, Uz, is material hysteresis loops are represented in the shape 
8 
b}—-—--~---= ~<s 
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Fig. 


of parallelograms, where the slope o! “horizontal” por- 
tions and the effect of the core magnetization irregu- 
larity are taken into account, it is possible to obtain 
theoretical relations which analytically describe the 
static core characteristics, For practical purposes, the 
agreement between the theoretical and experimental 
characteristics is satisfactory. 

2, The Divided Magnetic Circuit 

The operation principle of devices with divided 
magnetic circuits is actually based on the irregularity in 
magnetizing the magnetic circuit along different closed 
magnetic loops, Therefore, in analyzing the magnetiza- 
tion process in such a magnetic circuit, it is necessary 
to analyze the irregular magnetization in separate con- 
necting links, as well as in the entire magnetic circuit. 
In this case, the ®_,, = £(F) dependence can be con- 
veniently used for the magnetic regime characteristics 
of the magnetic circuit, 

In divided magnetic circuits, the connecting link 
magnetic conditions are determined not only by the 
magnetic circuit dimensions, the magnetization ampere- 
turns, and by F, but also by the location of the mag- 
netizing winding. 

In order to simplify the analysis, we shall consider 
a two-hole transfluxor in studying the effect of mag- 
netization irregularity on the characteristics of a core 
with a divided magnetic circuit (Fig, 6). 

If the magnetizing winding W. is placed at the 
connecting link I, the magnetic flux change in the con- 
necting links II and III can be determined as a function 
of magnetizing ampere-turns, In the case of a material 





5. 


with the hysteresis loop shown in Fig, 1, the magnetiza- 
tion reversal in the magnetic circuit will first take place 
around the large hole in the volume which is in contact 
through link II and then around both holes in the volume 
which is in contact through link III, The magnetization 
reversal through link II takes place in the toroidal 
volume, and the magnetization reversal through link III 
occurs in a somewhat extended volume, whose shape 

is similar to a transmission belt. In order to simplify 
the analysis, the extended volume can be reduced to a 
toroidal volume without changing either the outside or 
the inside perimeter lengths J, and /j,,or the volume 
cross section, The analysis of magnetization reversal 
processes in toroidal volumes can be entirely replaced 
by an analysis of these processes in equivalent toroidal 
cores, Therefore, all the conclusions concerning the 
magnetization irregularity in toroidal cores (see [3] and 
Section 1 of the present paper) are applicable to toroi- 
dal volumes, Fig, 7 shows the experimental magnetic 
characteristics ®max = f(F) of connecting links II and 
Ill, which characterize the magnetic flux changes in the 
links in dependence on magnetizing ampere-turns, 

For convenience in comparing the characteristics 
of such transfluxors and for simplifying the analysis, 
magnetizing ampere-turns are represented in relative 
F/F, units, where F,, is the value of ampere-turns at the 
beginning of the material magnetization reversal around 
the large hole (along the I-II-I path). 

It is seen from Fig. 7 that, for suitable dimensions of 
the magnetic circuit, it is possible to determine before- 
hand the beginning of magnetization reversal in con- 








TABLE 1 

ide | Inside dia- |Ratio of 2 | 
Material side 10 0 ; Magnetizin Measuring 
type iameter, meter, mm | Core radii, a Height) vinding, winding, 

turns turns 

Ferrite 13 7.8 4.67 3 20 250 
50NP 27.8 20 1.39 5 20 130 
KhVP 39.2 28.2 1.39 10 40 120 
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necting link III with respect to the beginning or end of 
magnetization reversal in link IL, If it is required that 
the magnetization reversal in connecting link III begins 
after the end of magnetization reversal in link II, the 
following inequality must be satisfied: 


l. 
ote 


where 1j, is the inside perimeter of the “extended” 
volume (magnetization reversal along the I-IlI-I path), 
and / .,, is the outside perimeter of the toroidal volume 
(magnetization reversal along the I-II-1 path), 

Consequently, in this case, the magnetization re- 
versal in the connecting link will occur successively, 
moving from one connecting link to another as the mag- 
nitude F of the magnetizing ampere-turns increases, 

It should be noted here that inequality (24) must be 
satisfied if a reliable "magnetic decoupling” between 
individual magnetic circuit components is to be secured 
(which is necessary in almost all devices where divided 
magnetic circuits are used), By selecting suitable mag- 
netic circuit dimensions,it is also possible to vary the 
slope of 2,4, = S(F) characteristics, and, for certain 
materials (for a sufficiently small value of the 8 coef- 
ficient), an equal slope of the ®,,4y = (F) characteris- 
tics can be obtained for different links in the magnetic 
circuit, This, in turn, will make it possible to obtain 
voltage pulses-of identical shapes, 

If the slopes of the ®pax = f(F) characteristics are 
to be identical, the following relation must be satisfied: 


it 
a8 


ae8 + — = 2, (25) 


Here, &» = 1 49/1 j, is the ratio of the outside peri- 
meter to the inside perimeter (alternating magnetization 
along the I-III-1 path), and a = 1/1, is the ratio of 
the outside toroidal volume perimeter to the inside peri- 
meter (alternating magnetization along the I-II-1 path), 
where 1}, is the toroidal volume perimeter (alternating 
magnetization along the I-II-I path), 

The devices where the principle of successive 
magnetization of links in a divided magnetic circuit is 
used can be successfully applied in distributing and 
blocking systems, 


All the above-mentioned concerning magnetization 
irregularity can be used in considering the operation of 
devices with divided magnetic circuits, In studying the 
effect of magnetization irregularity on the device char- 
acteristics, we shall consider the example of atwo-hole 
transfluxor, which is used as a controllable transformer 
(Fig. 8). We shall describe the operation principle of 
such a device [4 and 5}. 

Let a preliminary current pulse of large amplitude 
be transmitted through the winding W.. This will cause 
the saturation of connecting links II and Ill in the mag- 
netic circuit, which will be preserved also after the 
termination of the preliminary current pulse, Under 
these conditions, the magnetic flux around the smaller 
hole (along the IlII-II-III path) will not change, since, 
regardless of where the field is directed, a part of the 
magnetic circuit path is already saturated, Due to the 
insufficient magnitude of magnetizing ampere~turns, 
the magnetic flux around the large hole (along the 
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Fig, 9. 


IlI-I-III path) will not change,either, Consequently, no 
voltage will appear at the W,,,; winding, 

If a control current pulse is now transmitted through 
the W. winding, in the direction opposite to the blocking 
direction, the magnetization reversal in the magnetic 
circuit will take place around the large hole (along the 
I-II-I path) in the opposite direction, Under these mag- 
netizing conditions, the magnetization reversal can now 


_ take place around the smaller hole (along the III-II-II! 


path). As a result, a voltage, the magnitude of which is 
proportional to the amplitude of the control current 
pulse, arises at the Woy, winding, This mutual depen- 
dence can be explained in the following manner: when 
the magnetization reversal in the magnetic circuit takes 
place around the large hole (along the I-II-1 path), the 
magnetic polarity ot connecting link II is reversed com- 
pletely or partially by the control current pulse in de- 


_ pendence on its magmitude, This determines the larger 


or smaller reversal volume magnetization round the 
smaller hole (along the III-II-III path), 

The alternating magnetization of the magnetic 
circuit in volumes around the smaller hole (along the 
IlI-II-Ill path) follows the ultimate hysteresis loop, 
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Fig. 10, 


while the alternating magnetization of the magnetic 
circuit around the large hole (along the I-II-I path) 
follows different individual loops, which are determined 
by the control current phase magnitude, The maximum 
alternating magnetization loop for the III-II-III path in 
the magnetic circuit corresponds to the total magnetiza- 
tion reversal along the I-II-I path in the magnetic 
circuit, 

Consequently, the alternating magnetization pro- 
cesses in divided magnetic circuits can be considered as 
the magnetization reversal in separate toroidal volumes 
with varying cross sections, 

By taking into account the magnetization irregu- 
larity in magnetic circuits, the alternating magnetiza- 
tion process and all the pertinent ®,,4, = f(F) charac- 
teristics can be analyzed with greater accuracy (greater 
than that secured in [5]). Moreover, by taking into 
account the effect of magnetization irregularity on the 
static characteristics, these characteristics can be cal- 
culated with an accuracy sufficient for practical purposes. 

Figure 9 shows the theoretical family of ultimate 
magnetization reversal loops for the III-II-III path in 
the magnetic circuit for different cross sections, The 
large ultimate magnetization reversal loop corresponds 
to Sr = Smax and & = 1,6; the smaller ones correspond 
to Sy = 2/3 Sax and a = 1,4,and Sp = 1/3 Smax and 
a = 1,2, 

Here, Sy is the cross section of connecting link II 
in the magnetic circuit, For the sake of comparison, 
Fig. 10 shows the oscillogram of a family of ultimate 
magnetization reversal loops, which was obtained ex- 
perimentally by using a transfluxor made of the 65NP 
material, 


SUMMARY 

1, The representation of the material hysteresis 
loops in the shape of parallelograms (Fig, 1) is justified 
since the mutual agreement of the “normal magnetiza- 
tion curves" obtained by calculation and by experiment 
can be used for practical purposes, 

2, The method of determining the core induction 
as the B = f(F) function of magnetizing ampere-turns 
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can also be used when the material hysteresis loops are 
not represented in the shape of parallelograms, 

3, The conclusions reached in [3], where the effect 
of magnetization irregularity in cores of different geo- 
metry was taken into account (for three values of a), 
are valid also in the case where the material hysteresis 
loops are represented in the above manner (Fig, 1). 

4, Since actual cores have finite dimensions 
(a > 1), in all practical cases, one has to deal with the 
core magnetization reversal loop,and not with the 
material hysteresis loop, Therefore, the experimental 
Uay = S(F) dependence must be plotted for cores with 
dimensions for which the plotted characteristics have 
considerable linear portions (a < 8), This makes it 
easier to determine the material magnetic parameters 
(hp, hg, bp» and bs). 


5. The magnetization reversal in a divided mag- 
netic circuit can be conveniently represented as the 
material magnetization reversal in separate volumes, 
The magnetization reversal processes in toroidal volumes 
are identical to magnetization reversal processes in to- 
roidal cores, 

6. The determination of all magnetic characteristics 
of a divided magnetic circuit can be reduced to the 
determination of magnetic characteristics of the corres- 
ponding toroidal volumes, 

7, If inequality (24) for a divided magnetic circuit 
is satisfied, the magnetic circuit dimensions are char- 
acterized in such a manner, that the magnetization re- 
versal in one of the sections begins only after the mag- 
netization reversal ends in the other, Thus, if this in- 
equality is satisfied, a considerable “magnetic decoup- 
ling” for separate magnetization reversal loops is secured. 


APPENDIX 
a) Ultimate Magnetization Reversal Loop (F; < Fyy $ 





$ oF.) 


Let us first consider the conditions for the core mag- 
netization reversal with respect to the ultimate loop, 
which pertains to the third type of symmetric magnetiza- 
tion reversal loops, For this, we shall substitute (12)-(15) 
in Eq. (8), which was borrowed from [3]. 

In dependence on the value F of magnetization 
ampere-turns, the ultimate magnetization reversal loop 
will have different functional sections, 
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By solving this equation, we obtain 
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By solving this equation, we obtain 


B,=b pt tgs [os iP +F,|. (30) 


The mathematical expression for the descending 
branch of the ultimate magnetization reversal loop is 
determined in a similar manner, 

b) Second Type of Symmetric Magnetization Re- 
versal Loops (@ Fp < Fy = F.). 

For studying this type of magnetization reversal 
loops, we shall substitute Eqs, (16)-(19) in Eq, (8), 
which was borrowed from [3]. In dependence on the 
value Fof magnetization ampere-turns, this type of 
magnetization reversal will have different functional 
sections, 
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The mathematical expression for the descending 
branch of this type of symmetric magnetization reversal 
loops is determined in a similar manner, 

c) First Type of Symmetric Magnetization Reversal 
Loops (Fp < Fry, = OF.) 

In order to determine the B = f(F) dependence for 
this type of magnetization reversal loops, we shall sub- 
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stitute Eqs, (16)-(19) in Eq, (8), which was borrowed from 
[3]. In dependence on the values F of magnetizing am- 
pere-turns, the symmetric magnetization reversal loops 
will have different functional sections, 
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The mathematical expression for the descending 
branch of this type of symmetric magnetization reversal 
loops is determined in a similar manner, 

d) Normal Magnetization Curve 

For determining the mathematical expressions for 
the “normal magnetization curve, Eqs, (20)-(22) must 
be substituted in Eq, (8) from [3]. In dependence on the 
value of Fy4, the “normal magnetization curve" will have 
functional sections, 
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By solving this equation, we obtain 
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By solving this equation, we obtain 
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By solving this equation, we obtain 
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where R = RRF,,/Fs: 
By solving this equation, we obtain 
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4th Section, For a F,= Frye 
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By solving this equation, we obtain 


Ina 
By max = bp + tg 8|a— 7 Py + Fpl. (42) 
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This article deals with a transistorized magnetic amplifier, which works as a continuously controlled switch and 
is based on a pulse-width modulated relaxation-oscillator, The theoretical analysis of the circuit is provided, 


and experimental results are quoted. 


When a transistor (T) is operated as a switch, it be- 
comes possible to make it much more efficient, i,e,, to 
raise the ratio between the power dissipated in the load 
and that in the transistor, Thus, the output power of the 
transistor amplifier can be greatly increased, 

The switching operation of the transistor is widely 
used in amplifiers with a continuous input — output char- 
acteristic, as well as in purely relay circuits, In the 
former case, the transistor is periodically switched, and 
the continuous variation of the mean value of the output 
power is attained by changing the relative duration of 
the open-circuited condition of the transistor (in a man- 
ner similar to a thyratron or relay-contact amplifier 
with a continuous control), 

There are many circuits which provide a continu- 
ously controlled switching operation of the transistor 
[1-7 and others], In the majority of them, the control 
of power transistors is accomplished by means of some 
type of pulse-width modulation, which transforms the 
variations in the signal strength into aproportional change 
in the relative duration of the pulse, 

The special characteristic of the circuit proposed by 
Morgan [7]Jis the combination of the functions of a 
power amplifier with those of a pulse-width modulator, 
Moreover, the power transistor which controls the power 
in the load also serves as an amplifier for the oscillator 
with the pulse-width modulation, 

The Morgan circuit (Fig, 1a) is based on a blocking- 
oscillator with a series overloading transformer, The 
feedback transformer (FBT) has a working winding wo 
which is connected in series with the load impedance R, 
and L, , a return winding w, which is connected in parallel 
with the emitter-collector circuit through a large build- 
ing-out resistor Rj, (a small resistor rt, serves to supply 
the bias for the emitter) and a feedback winding w, con- 
nected in the base circuit, When the feedback current 
ip is positive (Fig, 1a), the transistor is conducting, andthe 
feedback circuit is completed through the emitter circuit 
of T (rectifier B. is then blocked), When ig < 0, the 
transistor becomes blocked, and the feedback circuit is 
completed through rectifier B., and the adjustable resis- 
tor Ro. 


Windings Wo and W, have only a few turns; moreover, 
the resistance of the feedback circuit (both for the con- 
ducting and blocked conditions of the transistor), which 
is connected to windings w, and w,, is considerably 
smaller than resistances R,and-Ry, Hence, the FBT 
works as a current transformer, i,e,, the value of the 
collector current i... andof the return current i, are 
practically independent of the feedback resistance, The 
value of that resistance only affects the speed of the in- 
ductance variations in the core of the FBT, 



































Fig, 1, 





* From a paper read at the All-Union Seminar on Mag- 
netic Components in Automation and Computers on 
October 13, 1959, 
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Under certain conditions the circuit in Fig, 1a be- 
comes self-oscillating, The oscillations are discontinuous, 
each cycle consisting of two distinct periods: a) a period 
when the transistor is completely conducting (both junc- 
tions being biased in the forward direction), the load 
voltage is near to that of the supply, the return current 
approaches zero,and the speed of the inductance varia- 
tions in the core of the FBT is positive and is determined 
by the value of the load current; b) a period when the 
transistor is blocked (both junctions are biased in the re- 
versed direction ), the voltage across the load and the 
collector current approach zero, the return current is 
maximum and the speed of the inductance variations 
of the FBT core are negative and are determined by the 
value of the return current and of resistance R.. The 
transition from one period to the other is caused by the 
saturation of the core and is short compared with the 
period of oscillations, 

Moreover, owing to the existence of the feedback 
rectifier Bs, which shunts the load during the reversing 
period, the mean value of the load current 1, will equal, 
irrespective'y of the value of L;; 


=k, © (1) 


where tg is the duration of the operation period, t, the 
duration of the reversing period ,and 


t 1,R, 

= +E = (1a) 

is the transistor conduction coefficient which is equal to 
the relative value of the load current, 

The values of t,, and t, are determined by the re- 
magnetization time of the FBT core in the corresponding 
period, The speed of the inductance variation in the 
operating interval does not depend on the value of R, 
(the rectifier B,, is not conducting in this period), Hence, 
with a purely resistive load,when the load current is equal 
in the conducting condition to E/R, = const, the value of 
t. will remain constant for all values of y. 

The variations in the mean value of the load current 
in Morgan*s circuit are provided only by the changes in 
the reversing time. When the value of R, is increased, 
the speed of remagnetization of the core rises in the re- 
versing period,and hence ,the value of t, decreases, t 

In order to obtain maximum efficiency (y* 1), it is 
necessary to fulfill the inequality tr « to; and in the un- 
loaded condition (y « 1) inequality t, > t,. must hold, 
It can be shown that with tg= const, the reversing time 
variation factor is related to the load current variations 
factor ky and to the maximum value of the conduction 


. coefficient y,,,, by means of the following equation: 





trmax _ yf Tmax!/* (2) 
'r min 1 — Ymax 
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For instance, for ky = 10 and y,,,, = 0.9, it is necessary 
to provide at, may/tr min ™ 90, is€., the adjustable core 
remagnetization factor must be considerably larger than 
the load current variations factor. 

From (1) and the condition that t= const, it follows 
that the range of the oscillating frequency f variations 
will be equal to 


fmax _ ,, — 1tmax_ (3) 
/ min 1) max 


The large variation ranges of the adjustable remag- 
netization time and the oscillation frequency are the im- 
portant defects of the circuit in Fig, 1a, which lead to 
the impossibility of obtaining a large amplifier output- 
current variations factor, The above defect becomes 
worse with an inductive load, For a constant base circuit 
resistance, the core remagnetization time with a non- 
conducting transistor is in the first approximation inverse- 
ly proportional to the mean value of the load current 
during the operation period, Providing the time constant 
of the load is sufficiently large, the mean value of the 
current ij for time ty is close to the mean value of the 
l6ad current J; for the whole cycle, 

Thus, for an inductive impedance load,the duration 
of the operational period will no longer remain constant, 
but will change approximately in inverse proportion to 
the mean value of the load current: 


i 
to=>-.- (4) 
te) Tr 
From (4) and (1) we obtain the following expressions 
for the reversing time variation factor and the self-os- 
cillation frequency: 





& max == k? 4— Tmax! *1 , (2a) 
* min 1—T max 
f max = ki. (3a) 
fin 


For instance, in order to obtain ky = 10 and 
0,9, it is necessary to make ty may /ty min 90 and 
fmax!Fmin = 100, which it is impossible to attain in 
practice, 

The above defect can be overcome if Morgan's 
circuit is altered as shown in Fig, 1b, The difference 
between the circuits of Figs, 1a and 1b consists of the 
following: The control of the speed of core remagneti- 
zation is attained in the operation interval (with a con- 
ducting transistor} for this purpose the adjustable resistance 
R, is connected in the base circuit in series with the 
feedback winding, Moreover, the demagnetization of the 
core in the reversing interval is accomplished by means 
of the load current which flows through the reversed rec- 





t A photovaristor, magnetic amplifier, etc,, can be used 
as a controlled resistance Ros 
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tifier; for this purpose the return winding is connected in 
series with the reversed rectifier Bg. 


Thus, a decrease in the adjustable resistance R. 
leads to a slowing down of the core remagnetization in 
the operation period,and hence,to a rise in to. More- 
over, the load current increases, The rise in the load 
current automatically leads to a decrease in time t,, 
since current i,, which remagnetizes the core, is equal 
to the load current in the reversing interval, Thus, al- 
though the control signal affects directly only the dura- 
tion toof the transistor’s conducting condition, the circuit 
automatically changes the duration t, of the noncon- 
ducting condition, Moreover, for a rising t, the value of 
t decreases,and vice versa, 
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In order to obtain quantitative relations,let us ex- 
amine the working of the circuit in Fig, 1b under the 
condition that the time constant of the loadissufficiently 
large compared with the period of oscillations, More- 
over, let us assume that the current during this period 
remains practically constant (the instantaneous and 
mean values of the current coincide). 

Diagrams of the changes in variables of Fig, 1b 
circuit are shown in Fig, 2, During the operation period, 
the transistor is conducting and the return current is zero 
(rectifier By is nonconducting), the collector current is 
equal to that of the load, the feedback current is positive 
and runs through the adjustable resistance R, and the 
base of the transistor (rectifier By is nonconducting), 


a 


The value of the feedback current, which is the same as 
that of the base, is obtained from equation 


where H is the field strength in the core, /,, is the 
length of the mean line of force, 6 is the current gain 
coefficient of the transistor for Ugg = 0 and i, = I,. 
The fulfillment of inequality (5) provides a conducting 
condition for the transistor. The speed of the core in- 
ductance variations is determined by the expression 


wyS > = ig (Ry + he + 1p +7) (6) 


where S_, is the cross-sectional area, r, the emitter-base 
impedance of a conducting transistor, r¢ the resistance 
of the feedback winding, and , the biasing resistance, 

The inductance of the core increases with a speed 
determined by the expression (6), and its magnetic con- 
dition varies according to the rising portion of the hy- 
steresis loop (Fig. 2). When the core becomes saturated, 
the field strength rises rapidly, and the feedback current 
decreases according to (5), When the field strength 
reaches a certain value 


1, w 
H = Hog = hat (1 gt); (1) 


m Bwo 





inequality (5) no longer holds, i,e,, the transistor passes 
from the saturated condition to an active condition, 
This leads to an avalanche decrease in the base current 
(see Appendix); at the end of this process,the transistor 
becomes blocked, the voltage across the load drops al- 
most to zero, the current in the load is completed through 
the reversed rectifier Br and the return winding (i, = 1,), 
and the feedback current changes its sign and flows 
through circuit B,, R, ( a small portion of the feedback 
current equal to the reversed current of the collector 
junction Igy branches off to the base circuit), Thus, the 
reversing period is initiated, 

The feedback current is then equal to 

w Hi w H 

ip = —i, SI-[P=-h G- =, (8) 
and the speed of the inductance variations is determined 
from the equation 

wySe Se = i(R, +7, +r )=igRe <0,  @) 


where r, is the forward resistance of the rectifier B, (t¢+ 
+1, * R,). The emitter receives a negative voltage 


Hl 10 
Ue= —(h 2+) R+hn<o, a) 


thus ensuring a blocking of the transistor in the reversing 
period, 
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The inductance of the core decreases with a speed 
determined by the expression (9), and its magnetic con- 
dition changes according to the descending portion of 
the hysteresis loop (Fig. 2). When the core becomes 
saturated in the negative direction, the field strength 
tisesrapidly, and the value of the voltage (10) which 
blocks the transistor decreases (H < 0), 


When the field strength reaches the value 


H = Hay = — 4k (1 3), (11) 


Ry wy 


inequality (10) no longer holds.and the transistor passes 
to an active state, This produces an avalanche break- 
down of the transistor (see Appendix) and at the end of 
the process,an operational period is again reestablished. 

Let us determine the values of t, and to and the fre- 
quency of self-oscillations, By integrating Equation (9) 
in conjunction with (8) in the limits of Bmo and Bmr,we 
obtain: 





= f fA, + QR, ) 
r >a | Tj, Holy )' (12) 
where Sen, = Sc (Bing ~ Bint) = SAB, is the full varia- 
tion of the flux in the core and H, is the coercive force 
of the static hysteresis loop ,and 


tr 


Q=ln\ (H—He)dt =Q(ADm) 3) 


is the so-called switching coefficient of the core, 
Normally, H,! , « lw, moreover, 


4 [ wiA®,, + Q 
= ( Soe =), (12a) 





For magnetic materials with a high degree of satu- 
ration,the values of Bry, and B,,, depend to a small 


degree only on H,,,,, and Hyp, it is therefore possible 
to consider approximately that A®,, and Q do not de- 





pend on the load current and are determined only by the 
dimensions and the material of the core. Moreover,the 
reversing time will, according to (12a), change inversely 
proportionately to the load current, 

From (1) and (12a) we can obtain the following 
expressions for t, and t,: 


pi (wgA®,, +QR,) Ry 4 








= . a 14 
c w ER, ’ (14) 
(w5d®,, + QR.) R, 4 
t= = 
° w, EF, i—y° (15) 


It follows from (15) that variation of the core re- 
magnetization controlled time factor in the circuit of 
Fig, 1b is equal to 








‘pmax ie 1—Tmin _ 1—Tmaw “1 (16) 
‘omin 14— Tmax 1— 7 max 


From the comparison of (26) and (2a), it follows that 
the remagnetization time required for the circuit in 
Fig, 1b is only 1/ Ki of that required for the circuit of 
Fig, la. 

According to (14) and (15), the frequency of self- 
oscillations will be 


f = 4fmau (1 — 1), (17) 

where 
aS oa ie (18) 
4R; (upA®,, + QR.) 





is the maximum frequency of self-oscillations which 
occurs at y = 0,5, If the load current is increased or 
decreased from its mean value corresponding to y = 0,5, 
the oscillation frequency decreases, From the compari- 
son of (17) and (3a), it follows that the range of frequency 
variations in the circuit of Fig, 1b will be considerably 
smaller than in Morgan’s circuit, Let us note that rela- 
tions (14)-(17) do not depend on the value or nature of 
the control resistance variations, 

Different controllable resistances can serve as R,. 
Fig, 3 shows an amplifier circuit, of the type found in 























Fig, 3, 
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Fig, 1b, in which a transistor T, is used as the controlled 
variable Ro, Rectifier B. prevents the blocking of the 
operational transistor T,, by the control signal, The 
shunting rectifier B, provides a path for the return current 
of the collector junction of the operational transistor T, 
during the reversing period, The capacitance C, im- 
proves the switching conditions and raises the stability 
of the oscillations, Resistor Ry provides a small initial 
positive bias for the operational transistor ,thus helping 
the starting of oscillations @roviding conditions of "soft" 
self-excitation), 

The control signal (source of emf E, with an inter- 
nal resistance R,) is fed to the input of the controlling 
transistor, A rising control signal decreases the static 
output resistance of T, thus leading to an increase inthe 
duration of the operational period t,,and hence,to a rise 
in the load current, A rise in the load current automati- 
cally involves a decrease in the reversing time accord- 
ing to (12a), Equations (14)-(17) and the diagrams in 
Fig, 2 hold for the circuit of Fig, 3, 

Let us examine the relation between the load current 
and the control signal, During the operational period, 
the following equation holds: 


tf = beg = bong (19) 


The feedback current is determined by the load 
current according to (5); if the value of the magnetizing 
current is neglected, the following relation is obtained 
from (5) and (19): 


Ih = “fi leo— “LJ (20) 
I My We coc 


Thus, in the above circuit there is a close relation 
between the load and the collector currents in the con- 
trolling transistor, which is determined by the transfor- 
mation coefficient of the FBT and does not depend on the 
characteristics of the transistors, the resistance of the 
load,or the supply voltage, 

The relation between the collector current of the 
controlling transistor and the controlling signal is deter- 
mined by the T,, transistor characteristic, Ifthe collector 
reaction is neglected, the following relation will hoid: 


loo c= ¥i(Ec Rp) (21) 


leo c = Pllc). (21a) 


Equations (20) and (21) determine the transmission 
characteristic of the amplifier as a whole, This charac- 
teristic is a reproduction of the controlling transistor 
characteristic with its currentgain amplified by a factor 
of n= w/w and it does not depend on the values of E 
orR;. A limitation is placed on the value of n by inequal- 
ity (5), and the following condition must be observed 
for its fulfillment: 


n= 1 < Bo (22) 


i,e., the resulting current gain cannot exceed the products 
BB, (B¢ and B,, are the current gains of transistors T,, 
and To 

Below we give the experimentally obtained charac- 
teristics of an amplifier assembled according tothe dia- 
gram of Fig. 3. 

Its circuit parameters are: core OL 14/17— 3,5— 
0.05-79NM, Ww, = W, = 20, we = 300, R, = 60 ohims, m, = 
= 0.4 ohms, R, = 100 kilohms, c, = 0.02 wf, T, — P4B, 
T,, — P201, Be— D303, B,, B,, and B. — D7B, 


I). amp 





0 oe 


Fig, 4, Relation between the load current and the 
control signal emf, 1)R,= 10 ohms, E = 45 v, Ry= 
= 0; 2) R7= 10 ohms, E = 45 v, Ry = 50 ohms; 

3) Rz = 10 ohms, E = 30 v, Rj = 50 ohms; 4) Ry = 
= 15 ohms, E = 45 v, Rj = 50 ohms, For all the 
curves the value of L; varies in the range of 0,2 to 
8 h, 


Figure 4 shows the relation between the load current 
and the control signal emf for various values of the supply 
voltage, the load resistance and the internal resistance of 
the signal source, Over the operating portion of the char- 
acteristic,the load current is practically independent of 
the values of E and R,,thus confirming the theoretical 
considerations, The power gain over the linear portion of 
the characteristics of curves 2, 3, and 4 is equal to 4R;R; 
(y/ME,} = 3+ 10°, The current ratio amounts to k; * 
= 40-50, 

Figure 5 compares the calculated [from formula (17)], 
with the experimentally obtained, relation between the re- 
lative oscillation frequency and the load current. The 
experimental value of f max = 1600 cps,and the value 
calculated from Eq. (18) is 2000 cps @®,,, ¥ 0.7- 1078 v- 
» sec, Q #0,5* 107% amp» sec), The maximum of the ex- 
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perimental characteristic 2 is displaced with respect to 
that of the calculated characteristic 1 in the direction of 
the lower currents, This is probably due to the fact that, 


by decreasing the load current,the value of A®_, is slightly 


reduced, and hence, the value of f/f, is increased. 
Due to this change, the range of the oscillation frequency 


variations becomes smaller than the calculated value, For 


instance, when the load current is changed from 4 to 0,4 
amp (k; = 10) the value of f varies only by a factor of 2, 
The switching time of the power transistor amounted to 
20-40 psec, 
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Fig, 5, The calculated 1 and the experi- 
mental 2 relations of the relative frequency 
of oscillations to the load current; the 
calculated 3 and the experimental 4 re- 
lations of the collector current of the 
controlling transistor to the load current, 
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Figure 5 shows the calculated and experimental 
relations of the mean collector current over time t,of 
the controlling transistor to the load current, a relation 
which confirms expression (20), The experimental value 
of Icg ¢ was determinedas the mean value of the current 
over one cycle divided by y. 

Figure 6 provides the over-all characteristic for 
various ambient temperatures and several samples of 
transistors T,, The curves confirm the independence of 
the load current from the characteristic of the operating 
transistor, and show the relatively small effect of tem- 
perature on the curve [7 = Ij(I,). 

It follows from the examination of Fig, 6a that 
variation of the ambient temperature in the range of 
-60°C to + 55°C is equivalent to a change in-the emf of 
the input signalofAE,*0,25 v, If the amplifier is used 
in a closed-loop control system, it is easy to provide 
conditions which would make the effect of this variation 
insignificant with respect to the accuracy of the system's 
operation, Let us assume, for instance, that the input 
of the amplifier receives a control signal from a meas- 
uring element of a voltage regulator,and that it is re- 
quired to make the error of regulation due to the tempera- 
ture drift of the amplifier less than 1% (+ 0,5%) when 
the temperature varies in the range of - 60°C to+ 55°C. 
In order to fulfill this requirement, it is obviously suffi- 
cient to make the sensitivity of the measuring device 
equal 0,25 v per 1% of the measured voltage, Such a 
sensitivity is possessed, for instance, by a measuring ele- 
ment consisting of a nonlinear bridge circuit with two 
reference diodes of the D813 type, 

It is important to note that normal operating con- 
ditions and the measuring range of the output variable 
in the amplifier of Fig, 3 are preserved over a wide range 
of ambient temperatures, 
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Fig, 6, Relation of the load current to the control signal emf a and to the control 
current b for various ambient temperatures; the experimental points correspond to 
various samples of transistors, E = 40 v, R;,= 10,5 ohms, R = 70 ohms, 
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On the basis of the results thus obtained, it is possible 
to make the following conclusions on the advantages 
of the Fig, 1b circuit (Fig, 3) as compared with Morgan's 
circuit: 

1, Under similar conditions the Fig, 1b circuit re- 
quires a much smaller range of variations in the duration 
of the controlled core remagnetization time and a 
smaller variation of the frequency of oscillations, These 
factors raise considerably the stability of operation and 
provide a far larger ratio of load current variations, 

2, The maximum oscillation frequency occurs in the 
circuit of Fig, 1b at Ip #0,5E/Rz,and not atl; *E/R;, 
which is the maximum for the Fig, 1a circuit, Thus, 
the mewn power loss in the transistor is decreased, 

3, The over-all characteristic of the Fig, 3 circuit 


is stable with respect to supply voltage and load resis- 
tance variations, 


APPENDIX 


After the saturation of the core and the passing of 
the transistor to an active condition (see Fig, 1b circuit), 


the following equations will hold for small increments 
of the variables: 


Abdo — Aipwy — Aigog = AHIny 
Ai = — Ai, ligt i, = 1; =const), 


Al 
at 2 a. eee? ae 
Seta fe Per 


di 
"ar + Aing= Baie, 


where Ry is the impedance of the transistor base circuit, 
1, is the time constant of transistor T, M, is the permit- 
tivity of the “saturated” core, 

Solving the family of equations (Al) with respect 
to the increment of the base current,we have 


Aie{p*t,.t,— P [(6 — 1) t,, — t,] + 1} =0, 





(A2) 
where 
wi Sets B(w, + w,) d 
mes ps EM, * Bip, 
‘> Rl, »b= we »p=q- (49 


The solution of (A2) with initial conditions of 
Ai,(0) = 0 and (dAi,/dt) (0) = € gives 


Mie = 5p, (et — oP, 


a (A4) 


where p, and p, are the roots of the characteristic equa- 
tion which corresponds to equation (A2), If condition 


w+ w 


bali ee 


(A5) 





*p 
m7 >i+ oa , 
is fulfilled, both roots p, and p, will have a positive 
real component ,and the measuring of the current will 
be unstable, 

After the saturation of the core in the operating 
period at the instant when inequality (5) no longer holds, 
the speed of the base current variations is negative 
(€ < 0), At that instant an avalanche decrease in the 
base current expressed by relation (A4) will therefore 
begin if condition (A5) is fulfilled, This process will 
continue until the transistor passes from an active to a 
blocked condition, 

After the saturation of the core in the reversing 
condition at the instant inequality (10) is broken, the 
speed of variations of the base current becomes positive 
(€ > 0), At this instant an avalanche rise in the base 
current will begin according to expression (A4), providing 
con dition (A5) is fulfilled, This process will continue 
until the transistor passes from the active to the saturated 
condition, 

Thus, providing condition (A5) is fulfilled,the cir- 
cuit will be in a state of sustained oscillations, 
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A NEW METHOD OF SPECTRAL MEASUREMENTS BY MEANS OF 





Translated from Avtomatika i Telemekhanika, Vol, 21, No, 7, pp. 1084-1087, 


July, 1960 
Original article submitted July 10, 1959 


Spectral measurements in the regions of visible and 
infrared radiation involve certain difficulties in the case 
where the amounts of the radiation energy to be meas- 
ured are small, This problem arises when it becomes 
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Fig. 1, Spectral distribution of the sensitivity of some 
sensitive layers (photoresistors), 
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Fig, 2, Temperature depen- 
dence of the sensitivity of 
PbS layers, 


necessary to measure the intensity of a narrow frequency 
band, since the radiated power 


As 
Ay 


decreases as the band narrows, For instance, if inter- 
ference filters are used for selection [1], the radiated 
power values can be extremely small (of the order of 
107" w), 

Along with vacuum thermoelements [2], different 
types of photocells, photoresistors, and phototransistors 
are used as sensing elements, . The sensitivity of photo- 
effect elements is much higher than the sensitivity of 
vacuum thermoelements, For instance, the sensitivity 
of a vacuum thermoelement is approximately 30 v/w, 
and the sensitivity of a mass-produced PbS photoresistor 
is 150 v/w (for ideal blackbody radiatian at 300°), In 
many cases, this ratio will be of the order of 1:100 in 
favor of photoconductors, 

Figure 1 shows the spectral distribution curves for 
the relative sensitivity of some known photocell mater- 
ials, This figure indicates that the spectral characteris- 
tics lie in the wavelength region extending from x-ray 
radiation to infrared radiation (approximately 10 #4), 

All these photocell materials are strongly affected 
by temperature as well as aging, If they are placed in 
thermostats, direct measurements become very compli- 
cated, 

Figure 2 indicates the sharp drop in the sensitivity 
of lead sulfide photoresistors with temperature changes 
[3]. 

Moreover, the spectral properties change also with 


5 










I 


ai 


Relative sensitivity 


Mm 


Fig. 3, Temperature dependence of the 
spectral sensitivity of PbTe layers, 
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the cell temperature, as can be seen in Fig, 3, where the 
spectral sensitivity distribution of lead telluride resistors 
is shown [4], 

Therefore, in order to eliminate the "subjective" 
errors of photocells, compensation methods, where the 
measurements are compared with measurements of known 
steady radiation sources, are used, The comparison is 
performed by alternating screening of the photocell from 
the measured and the standard radiation by means of ro- 
tating mirrors or disks with openings,as well as by means 
of oscillating diaphragms [5], “',:, 4 and 5 show exam- 
ples of such comparison meth: where mechanical 
diaphragming is used, Along with the presence of mech- 
anical rotating parts, the above methods have an addi- 
tional disadvantage, which consists in the fact that the 
“standard radiation source" device must be modified for 
compensation, which makes it often difficult to obtain 
reproducible results, 

A method of eliminating the above deficiencies is 
proposed below [6]. According to this method, the 
photocell is irradiated by a variable light flux, and the 
indicator amplifier transconductance is regulated with 
respect to the alternating component of the cell current 
or voltage, This measurement method has the advantage 
that the measurements are performed directly and with- 
out compensation, Moreover, the receiver (photocell) 
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Fig. 4, Block diagram of the arrangement for tempera- 
ture measurements with TMR-2000, 1) To the measure- 
ment object; 2) diaphragm which oscillates at 50 cps; 

3) photoresistors; 4) comparison lamp; 5) slit diaphragm; 
6) capacitor; 7) ac voltage amplifier; 8) discriminator; 
9) deviation indicator; 10) line voltage, 
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Fig. 5. Operation principle of a milli- 
scope (Hartman and Braun), 1) To the 
measurement object; 2) rotating disk 
with openings; 3) photocell or photo- 
conductor; 4) ac voltage amplifier; 

5) discriminator; 6) motor; 7) devia- 
tion indicator; 8) generator, 


receives a bias voltage due to the steady component of 
the variable light flux, as a result of which the noise 
level is exceeded and the receiver sensitivity is increased. 

The operation principle is clear from Fig, 6, Along 
with the J,(A) radiation to be measured, light of variable 
intensity, which consists of the steady (A) and the 
variable 7, (A) components, is incident on the photosen- 
sitive layer, The photoconductor resistance changes in 
accordance with the spectral sensitivity distribution char- 
acteristic, and the sum of these variations is transformed 
into current and voltage variations, By €(A), we shall 
designate the slope of the dUa/d)(A) transformation func- 
tion, where Ua is the output voltage variation, and J(A) 
is the variation of radiation in dependence on the wave- 
length for a certain given cell voltage and a given ex- 
ternal resistance, Then the external resistance voltage 
u, will be determined by the expression 


ug = © (A) (J, (A) + J, (A) + & () + Jol 


where J, is the very small photoconductor dark current, 

If, for instance, by means of a spectral filter placed 
in front of the photosensitive layer, the wavelength 
range is reduced to such an extent that the frequency 
dependence €, J,, and J, can be neglected, the resulting 
voltage u, will be found from the equation 


ug=t (Io +J pt It te 


where the first term on the right-hand side of the equa- 
tion corresponds to the steady component, and the second 
term corresponds to the variable component; while € is 
the sensitivity, dependent on temperature and aging, whose 
influence on the measurement results must be eliminated. 

Since the magnitude of 7, is constant, the variable 
component of the photocell current is the measure of 
this sensitivity, The variable and the steady voltage 
components can be readily separated, Both components 
can be now separately amplified, and the amplification 
factor of the steady-component amplifier can be varied 
while keeping it inversely proportional to the variable- 
component magnitude, so that the steady-component am- 
plification will be 


"max % 


°= vey, pf ° 





Consequently, a voltage which is independent of the 
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Fig. 6, Principle of radiation measurement with auto- 
matic sensitivity regulation, 
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Fig, 7, Operation principle of a pyrometer for 
the radiation portion in automatic sensitivity 
regulation, 1) Constant- amplitude ac current; 
2) filter, 


cell sensitivity will appear at the steady-component 
amplifier output: 


Uy = 2 (0 Jot ely + Jz) = Vey + rol g, 
where 


eJ, + J, = eJ,. 


This voltage depends only on the intensity J, of 
the radiation to be measured, The bias voltage vgJ, 
can be compensated electrically, 

The radiation to be measured, which is focused by 
a lens or a concave mirror, is directed to a lead sulfide 
photoresistor through a monochromatic light filter, 

With respect to the transmission frequency and the 
bandwidth,the light filter is selected in such a manner 
that the radiation component of the greatest intensity is 
received, Moreover, the following condition is imposed 
on the light filter: the change in the characteristic of 
the PbS spectral sensitivity distribution due to changes 
in the surrounding temperature and aging must not dis- 
turb the validity of the above dependences as a result 
of the difference between the radiator and the variable 
light source spectra, Thus, the variable light flux of 
constant amplitude falls on the PbS photoresistor after 
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passing through the same light filter through which the 
light flux to be measured passes, 

For instance, an incandescent lamp with low ther- 
mal inertia, which is fed through a commutator or is 
supplied an ac current of constant magnitude, can be 
used as the constant- amplitude light source, 

The shape of the variable light flux vs, time curve 
is not of great importance; however, it must be stable, 
In selecting the frequency, it should be ensured that the 
rise and attenuation times of the photoresistor be of 
the order of 10°*-10~® sec, The maximum frequency is 
basically determined by the variable light flux source, 
while the optimum value for the amplifier is 50 cps, 

The resulting cell voltage is divided into the steady 
and variable components by means of a choke and a 
capacitor; both these components are then separately 
supplied to amplifiers with negative feedback. The 
output power of the amplifiers is so chosen as to make 
it possible to use measuring instruments with crossed 
coils, which are excited by the rectified variable com- 
ponent, The VgJy steady component is compensated by 
the stabilized bias voltage, 
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LETTERS TO THE EDITOR 


AN ERROR IN THE ARTICLE “EFFECT OF FLUCTUATIONS ON THE 


SIMPLEST PARAMETRIC SYSTEMS" BY V. 


I TELEMEKHANIKA, VOL. 19, NO. 8, 1958) 


I. A. Bol’shakov 


. TIKHONOV (AVTOMATIKA 


Translated from Avtomatika i Telemekhanika, Vol. 21, No. 7, pp. 1088-1089, 


July, 1960 


The article by V, L. Tikhonov is devoted to the 
interesting problem of the effect of fluctuations on 
parametric systems, which has been treated in a number 
of important contributions, Therefore, the conclusions 
reached in the article deserve the most careful study, 
However, this study shows that the basic results presented 
in the article are not correct, which is due to errors in 
calculation, 

The errors begin with the expression for 9,(ja, j) 
on page 718, where the 2a0,0, factor instead of 
20,0. (t, u) should be in the front of the integral in 
the iast part of the equation, This can be shown by 
considering Eq, (5), where, instead of 0,9, Ruvs the 
mutual central moment of the quantities an(u) and 


| € (=a) dzy, which is equal to 
u 


t 
049 \ Riz (u — 2g) dzo. 


u 


should be substituted, 

Similar errors in calculating the mutual moments 
are found in Eqs, (12), (13), and (14), As a result, the 
equations for example No. 2 on page 721, beginning 
with the equation directly following (16), are incorrect, 


Actually, the output dispersion y(t) is of the following 


form: 
o? = 


t—t, 
=wexp{— 2m, (t — te) + 20? \ (t — to — s) Ry (8) ds| x 


x [exp {203 ri (t — tg — 8) Ry (8) as} — 1| ; 
0 


This dispersion does not tend to infinity in every 
case when t increases, which follows from the results 
described in the article, which the author admitted to 
be unusual, On the contrary, the dispersion of output 
fluctuations tends to zero if the following condition is 
satisfied: 


co 
m, — 203 | Ry (s) de > 0. W 
0 


As is shown by calculations for actual electronic 
devices which are subject to fluctuations, condition (1) 
is not always satisfied in these devices, Small para- 
metric effects always occur - for instance, in electronic 
servosystems; however, this never leads to an infinite 
root-mean-square error, Therefore, the “physical ex- 
planation®, whereby the author attempted to substan- 
tiate the obtained incorrect result, is obviously not valid. 





ANSWER TO Il. A. BOL'SHAKOV 


My article (Avtomatika i Telemekhanika, No. 8, 1958, p. 716) contains a calculation error. It can be readily 
corrected, For this, all the o, factors in front of the integrals in Eqs. (8), (12), (13), (14), and (18) (regardless of 
the argument) should be replaced by o;, and Eq. (9) must be written thus: 

tt 
m (t)= yoexp |— my, (t — to) + 7% \\ Rie — a) ens dx,| + 
tty 


oo 


fas wine dz] exp [—- my (¢—u)+ ; a? ({ ra ter—a) dean] 
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The error does not affect the results in the first 
and the third examples, In the second example, the 
system will be stable with respect to dispersion if the 
following inequality is satisfied: 

co 


my — 2o8 | R(s)ds > 0. 
0 
If we introduce the correlation time £ (t) for a 
random process 


co 


T} -| R (s) ds, 


this equation can be written as 


“> 2o%,. 


As a rule, the correlation time T. is a positive 
quantity, and dispersion 0% is also basically a positive 
quantity, Therefore, if (I) is satisfied, also inequality 
(16) is automatically satisfied: 


2 
m, > Oi T ee 


Consequently, if (I) is satisfied, the system is 
statistically stable (i,e,, stable with respect to the 
average value and dispersion), If the inverse inequal- 
ity is satisfied, the system is unstable, For this case, 
the physical explanation given on page 722 holds. 
Therefore, we cannot entirely agree with L A, Bol’sha- 
kov's remarks, 

V. L. Tikhonov 














DISCUSSION 


ON THE BOOK “ELEMENTS OF STRUCTURAL SYNTHESIS 
OF RELAY CONTROL CIRCUITS” BY V. N. ROGINSKII 


(AN SSSR PRESS, MOSCOW 1959; 168 pages) 


V. I. Shestakov 


Translated from Avtomatika i Telemekhanika, Vol. 21, No. 7, pp. 1090-1094, 


July, 1960 


Although the development of methods for the 
mathematical analysis, synthesis, and simplification 
of relay circuits is of great importance for automation 
and remote control, communications, and computer 
techniques, no textbook or monograph which would be 
devoted to the latest results in the theory of relay cir- 
cuits is yet available in Russian, The monograph, 
Theory of Relay-Contact Circuits, by M, A, Gavrilov, 
which was published in 1950 in a small edition, has be- 
come a bibliographic rarity. 

It is understandable that the numerous specialists 
engaged in the construction of automatic devices in 
different branches of technology greeted with interest 
the book, Elements of Structural Synthesis of Relay 
Control Circuits, by V. N. Roginskii, 

However, in no way does this book justify the 
readers’ expectations, The contemporary state of the 
relay circuit theory and the basic trends in its develop- 
ment have been outlined in the book,not only in an in- 
sufficiently thorough and substantial manner, but even 
essentially incorrectly, In particular, the relation be- 
tween the theory of relay-contact (r-c) circuits and the 
theory of contactless relay circuits is incorrectly de- 
fined, It is stated in the book that the “theory of relay- 
contact circuits is applied to an ever-increasing extent 
also to relay circuits with contactless elements® (p, 13), 
However, as is well known, r-c circuits constitute only 
one of the particular variants of relay circuits, and, 
therefore, the theory of r-c circuits cannot be generally 
applied to any relay circuits, At the present time, 
there is a fast-developing general theory of relay cir- 
cuits — the theory of logic networks, which can also be 
applied to r-c and to contactless relay circuits, The 
book does not even mention the existence of this theory, 

It is not mentioned, either,that the theory of r-c 
circuits, to the synthesis of which the book is devoted, 
is not so important now as it was 10-15 years ago, and 
that the methods of synthesis of contactless relay cir- 


cuits-where electron tube, semiconductor, and magnetic 


switching elements are used—are becoming more im- 
portant, 

The book under discussion is not a textbook or a 
monograph, but a compilation of the author*s papers on 
the theory of synthesis of r-c circuits, which were pub- 
lished in 1954-1959 in various scientific journals and 


collections, The introduction defines the main tasks 

in electrocommunication and the main problems in its 
automation, and it contains a brief historical outline 
of the development and the contemporary state of the 
structural synthesis theory of relay and, mainly, r-c 
circuits, However, as was indicated above, this outline 
is not satisfactorily presented, 

Chapters 1-4 present the basic postulates of the 
theory of r-c circuits, various methods of describing 
their structure and operating conditions, the basic prob- 
lems in the synthesis of sequential circuits, and the al- 
gebraic transformations of contact circuits, The basic 
operations and principles of logic algebra (Boolean al- 
gebra) and their schematic interpretation are given in 
this chapter, Chapters 5 and 6 describe some methods 
for the transformation and simplification of contact 
circuits, Special attention is paid to the method based 
on the so-called "consideration of unused combinations,* 
Chapter 7 considers in detail the graphic method of 
contact circuit synthesis, Chapters 8 and’9 present the 
theory of the synthesis of mixed I-type r-c circuits, 
which has been proposed earlier by the author; chapter 
10 is devoted to the theory of the synthesis of r-c cir- 
cuits with capacitors, The book ends with chapter 11, 
which very briefly describes a machine for the synthesi 
of contact (1, k)-poles, am apparatus developed by 
the author in 1956 in collaboration with A, A, Arkhan- 
gel’skaya and V. G. Lazarev. 

The book does not contain a summary which would 
briefly and concisely formulate the results obtained by 
the author, which is especially conspicuous, since there 
is nowhere in the book a clear distinction between the 
author’s own results and the well-known results con- 
tributed by other authors, 

It should be also noted that those branches of r-o 
circuit theory to which the author has contributed are 
treated in least detail in the book, The papers which 
are the closest to the author’s own contributions with 
respect to the subject and content are either not men- 
tioned at all in the text or are insufficiently treated. 
Thus, for instance, little is said about the papers con- 
cerning the methods for the minimization of the ex- 
pressions for the Boolean functions and of the corres- 
ponding circuits,which are based on the use of adjacent 
constituents, Neither does the book centain even a 
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brief survey of the work on the theory of circuits with 
elements with finite admittances, although chapters 8 

and 9 present a synthesis theory for a particular case of 
such circuits — the so-called "mixed relay*circuits of the 
II-type~which has been proposed by the author, 

The author does nat mention anywhere in the book 
that the idea of using the so-called “uaused combina- 
tions,” i,e,, the combinations which, according to the 
synthesis conditions, cannot occur in the operation of the 
circuit to be synthesized, is not new, Neither does the 
author mention the fact that the terms “unused states* 
and “indifferent states,” which he uses, are simply Rus- 
sian translations of the English terms “unused output 
combinations® and “don't care combinations," respec- 
tively, and that the first of these terms is equivalent to 
the term “invalid combinations," However, these terms 
were used in English literature concerning the theory of 

relay circuits in exactly the same sense as the Russian 
synonyms which the author used even before the publica- 
tion of his first paper in this field: “Consideration of 
unused combinations in the synthesis of relay-contact 
circuits® (Avtomatika i Telemekhanika, Vol. 15, No, 3, 
1954), 

While repeatedly applying Boolean algebra to valve 
elements, the author does not consider it necessary to 
mention the fact that the possibility of such application 
was first demonstrated by M, A, Gavrilov in his paper 
"Relay-contact circuits with valve elements * (Izvest, 
Akad, Nauk SSSR, Otd. Tech. Nauk, No, 2, 1945), This 
article is not even mentioned in the bibliography. 

In the same manner, when introducing on page 19 
a new symbol A * B for the harmonic addition operation 
A+B, the author does not mention that this operation has 
been known for a long time: it was first applied more 
than twenty years ago in the theory of electrical and, in 
particular, relay circuits, 

The limited space does not permit us to adduce a 
number of other examples of such peculiarities in pre- 
sentation, due to which a reader who is not sufficiently 
familiar with the literature concerning the theory of re- 
lay circuits can receive an impression that many of the 
already known results are new, and that they have been 
obtained by the author of the book, 

Actually, the book contains only a small number of 
results contributed exclusively by its author, and this ap- 
parently explains the manner in which the state of those 
sections of the r-c circuit theory to which the author's 
own results relate is presented, 

The author*s work, which is presented in chapters 5 
and 6, does not contain new results concerning the essence 
of contact circuit minimization, Actually, this was not 
the author*s intention, as can be seen from the footnote 

on page 70; “The aim of the present work is the finding of 
suitable expressions for the subsequent transition to the 
circuit,and not the determination of minimum forms," 

The idea of the graphic method for the synthesis 
of contact circuits, which is presented in chapter 7, 
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does not belong exclusively to the author of the book, 
This method was proposed in 1955 by G, N, Povarov 
for the synthesis of symmetric and quasi-symmetric cir- 
cuits, V, N, Roginskii later showed that every circuit 
can be considered as quasi-symmetricif weights 2!~? are 
added to relays with the numbers i= 1, 2,...,m and 

if the numbers of combinations for which a certain given 
circuit must be closed are taken as the working numbers 
of the relay circuit, This is actually the only contribu- 
tion of V. N. Roginskii to the development of this method. 


Only chapters 8 and 9 contain a theory which is 
based on ideas belonging exclusively to the author of 
the book, These chapters describe the results of three 
papers that were published by the author in 1957, where 
he attempted to put forward a theory of the synthesis of 
II-type mixed relay circuits, i.e., of such r-c circuits 
where the contact circuits can be connected in parallel, 
as well as in series,to the relay windings and to certain 
additional resistances of finite magnitude, However, 
this attempt was entirely unsuccessful, and the theory 
proposed by the author is far from satisfactory in the 
physical and mathematical sense,and is totally unsuitable 
for practical use, 


The main principle of this theory is based on the 
assumption of dividing the synthesis of the relay circuits 
into two stages; the stage of determining the circuit 
structure and the stage of the electrotechnical calcula- 
tion of its elements, The author assumes that the struc- 
ture of a Il-type mixed r-c circuit can be determined 
if only the “orders of admittance*of its elements are 
known, In order to designate that a certain dipole has 
a finite admittance G of the same, lower, or higher 
order in comparison with that of relay A, the authdr 
uses the symbols G- 4, G < a, andG y 4g, respectively, 
which he defines ir the following manner: G = 4, if 
the relay A operation is not disturbed either for a series 
or a parallel connection of G to A, and G < atorG, A) 
if the operation of relay A is disturbed only for a series 
(or parallel) connection of G to A. 


The author considers that the case where the opera- 
tion of relay A is disturbed for a series, as well as a 
parallel, connection to G is possible, but of no practical 
importance, 

The basic deficiency of the above determination 
is the dependence of the order of admittance on the 
voltage applied to the circuit and on the internal resis- 
tance of its source, 


It can be readily shownthrough simple examples 
that, by changing the magnitude of the emf E and of the 
internal resistance Rp of its source, we can obtain any 
order of the admittance G for a dipole which has a con- 
stant resistance R, for instance, equal to the resistance Ra 
of the relay A winding, Let V, and i, be the minimum 
voltage and current sufficient for reliable operation of 
relay A, and i, and ij, be the respective currents through 
the relay A winding when it is connected in series and in 
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parallel to a dipole with the resistance R equal to the 
resistance Ry. 

By simple calculations, using only Kirchhoff*s laws, 
we obtain 

1) i, < i, andi, > ig, ie. Gey for V, < E< 
< 2V, and R, = 0; 

2) i, > ig and i, > ig, i.e.,G= a, forE > 2V, and 
Rr = 0; 

3) ig =i, andi, < i,,ie.,G> 4 forE=6V, 
and Rp = 4R4; 

4)i,= i < ig, i.e., relay A will not operate when 
it is connected either in series or in parallel to the re- 
sistance R for E= 2V, and R, = Ry. 

It is perfectly obvious that similar results will be 
obtained in the general case, where R # Ra, when the 
voltage drop in the considered circuits connecting the 
relay A winding to the resistance R plays the role of the 
emf E, 

The dependence of the order of admittance on vol- 
tage does not permit us to determine the order of ad- 
mittance of all elements of the circuit to be synthesized 
before we begin its synthesis, since various switchings 
will occur during the circuit operation process, as a re- 
sult of which some of the relays will be interconnected 
in a different way than before, Due to this, the voltage 
distribution among the circuit elements will change, and 
this, in turn, can cause a change in the beforehand- 
determined orders of admittance of the circuit elements, 
The orders of admittance of the circuit elements for 
different closing and dropout combinations of all relays 
in the circuit can be determined only after the circuit 
structure is known, and the electrotechnical calculation 
of the circuit parameters is performed, 

Thus, the author's basic idea of the possibility of 
dividing the synthesis of a Il-type mixed r-c circuit into 
two stages is illusory, 

The main reason for the fallacy of the proposed 
synthesis theory consists in the fact that the author at- 
tempted to operate only with admittances, while ignoring 
the well-known physical fact that the operation of an 
electromagnetic relay is determined by the current 
passing through its windings, and that the current in cir- 
cuits with finite admittances depends equally on the cir- 
cuit admittance, as well as on the voltage applied to the 
circuit, In other words, the main reason for the fallacy 
of this theory is the attempt to ignore Kirchhoff"s laws 
for electrical circuits, 

This theory is unsatisfactory also from a mathe- 
matical point of view, due to the large number of 
fundamental mathematical and logical errors and the 
fact that many determinations are not satisfactory and,in 
some cases,nonexistent, 

We shall first mention the statements which are 
obviously incortect, One of such statements is, for in- 
stance, the statement contained in the following phrase 
(my emphasis): “We shall also assume that the admit- 
tance and parameter values of relays are chosen in such 





a manner that if a finite number of admittances of the 
same order are connected in parallel or in series, the 
over-all admittance will be of the same order, i,e., 











A+B_, +>*>+ K_,=(A+8+--++K)_,y, 


AsB_ye:-: *H_y =(AeBe --+ oK)_y. (8.11") 


Generally speaking, this statement is not valid for any 
order determinat:on, since it contradicts the basic 
axiom of finite quantities — the Archimedes axiom, 

Expression (8,10) contains. a printing error, which 
becomes obvious if we compare it with expression (8,7), 
If we eliminate this error by reversing one of the signs 
> and <, we obtain the following statements: if A. 
and B , 4,» the circuit cannot be realized; if A - , and 
Be ps the circuit cannot be realized, 

The fallacy of these statements can be readily 
demonstrated by adducing examples of circuits for 
which the A, p andB y, «4 relations, as well as the A< g 
and B . , relations, are satisfied, The first of these 
relations holds for circuits in the above-considered 
example for the case (3) if relay B, which is identical 
to relay A, is used as dipole B with the resistance R = 
=R,. The second of these relations is satisfied for cir- 
cuits of the case (1) in the same example, by the same 
substitution of relay B for dipole B, 

Conditions (8,7) do not follow from determinations 
of the order of admittance, and, generally speaking, 
they are not satisfied, since the B. 4, B< a, andBy, 4 
relations and the A _ BY A > Bp, and A < g relations are 
independent of each other, 

All the above reasoning on the orders of admittance 
apply under the assumption that the term “admittance® 
is used in the generally accepted sense, i,e,, that it de- 
notes the quantity reciprocal to impedance, However, 
in the symbols G_ 4. G¢ a, andG » the sign G de- 
signates the so-called “structural admittance," which 
the author determined only for two values of ordinary 
admittance: for the 0 and o values, According to the 
determination given on page 20 in the book, the struc- 
tural admittance G is equal to 0 and 1, while the corres- 
ponding ordinary admittance Y is equal to 0 and o, re- 
spectively, The structural admittance G, which corres- 
ponds to the Y values lying between 0 and oo, is not 
determined anywhere in the book, Therefore, it is im- 
possible to tell what is the structural admittance G of 
a dipole which has a certain admittance Y (for instance, 
admittance Y = 1 mho) and, conversely, if a dipole 
structural admittance not equal to 0 and 1 is given, it 
is impossible to tell what is the ordinary admittance Y 
of such a dipole, 

In the same manner, the operations that the author 
denotes by symbols G, + Gp, Gy* Gp, and G are not de- 
fined for finite admittance values, Throughout the book 
up to chapter 8, these operations are applied only for 
the values of structural admittances G, and G, equal to 
0 and 1, For these values, the operation symbols "+," 
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"+" and "=" are used in the sense of Boolean operation 
symbols: for addition, multiplication, and negation 
(complementing to 1), respectively, For structural ad- 
mittances not equal to 0 and 1, these operations do not 
pertain to Boolean algebra operations, In this case, they 
represent isomorphic operations for ordinary addition, 
harmonic addition,and inversion — the basic algebraic 
operations for dipole circuits of the A-type (or of the 
Ii-type in the presently adopted terminology) — the 
existence of which is not mentioned in the book, al- 
though the papers where they are described are contained 
in the bibliography at the end of the book, By not men- 
tioning the existence of this algebra, the author loses 
the possibility of offering any isomorphic presentation 
of the basic operations of this algebra, and, therefore, 
leaves the G, + Gg, G,*G,, and G symbols without any 
algebraic definition, Therefore, all the formulas where 
the algebraic signs °+", °.", and "" are encountered 
between the structural admittance symbols which are 
not equal to 0 and 1 are devoid of any algebraic sense, 

Neither are the G_ ,,G » andG , 4 symbols 
defined mathematically— which fs anyway essentially 
impossible, unless the structural admittance G is defined, 

Due to the fact that the symbols of basic operations 
and relations are not defined and that no concrete rela- 
tion exists between structural and ordinary admittances, 
the entire theory presented in chapters 8 and 9 is devoid 
of any mathematical sense and cannot be used for any 
calculations of admittance values, 

There are no logical proofs for any statements in 
the book or in the papers published earlier by the author 
and presented in the book, A number of formulas are 
given without derivations and proofs, Because of this, 
it happens that some formulas in the book are either 
incorrect or contradictory. Thus, for instance, the 
author states that “the law of commutativity is valid 
for an equivalence 


a=b 
“ae ~ (5.8) 
and, at the same time, considers that the equality 


Gy = holds, The last equality, however, is incom- 


patible with equality (5,8), since it can be readily shown 
that the inversion operation is nondistributive with re- 


spect to any Commutative operation of Boolean algebra, 


The equivalence symbol = is not rigorously defined, 
_ Not only in the author's different papers, but also in 
different places in the same paragraph — § 3 in chap- 
ter 5-this symbol has a different meaning, By loose 


reasoning, the author finally arrives at the following ex- 
pression for symbol = by means of Boolean algebra 
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operations: 
; =ab+(a+b)o=abwo+(a+h), (5,11) 


where w is any expression of this algebra, Equation 
(5,11) satisfies, as can be readily shown, only the fol- 
lowing Boolean functions of the two arguments a and 
b: ab, a, b, and a+b, Only the first and the last of 
these functions are symmetric, so that the author's 
statement that formula (5,8) holds for equivalences is, 
generally speaking, incorrect, 

It would be possible to quote other examples of in- 
ternal contradictions in the equivalence calculations 
presented in the book, 

The book contains many formulas,but they not ac- 
tually used for calculations, There are almost no cal- 
culations which would be complete and without omissions. 

In conclusion, it should be noted that an absence of 
logic is noticeable not only in the presentation of theory, 
but also in the composition of the book, For instance, 
problems in the synthesis of sequential circuits are con- 
sidered in chapter 3, and the algebraic transformations 
which are used for their synthesis are presented in chap- 
ter 4, The methods for describing the structure and the 
operating conditions of r-c circuits are treated in chap- 
ter 2, while these methods are based on the use of the 
algebraic apparatus presented inchapters4 and 5, The 
graphic method for the synthesis of contact circuitsis. 
considered in chapter 7, and the machine for the synthe- 
sis of contact circuits according to this method is des- 
cribed in chapter 11. Between these naturally connected 
chapters, the author has for some reason inserted chap- 
ters treating r-c circuits with finite admittances, i.e, 
circuits, the synthesis of which cannot be secured either 
by the graphic method described in chapter 7 or, even 
less, by the machine for synthesis which is described in 
chapter 11. Another example showing that subjects 
which naturally follow each other are contained in dif- 
ferent parts of the book are the general problems in the 
synthesis of sequential circuits and the synthesis of se- 
quential circuits with capacitors. These closely related 
subjects are considered in chapters 3 and 10, and the in- 
termediate chapters contain material which is only in- 
directly connected with these circuits. 


Only an absence of proper scientific criticism can 
explain the publication of this book, which doesnot con- 
tain anything new in comparison with the papers pub- 
lished earlier by the author, is full of mathematical 
and logical errors, and also presents a false picture of 
the contemporary state and development trends of the 
theory of relay circuits, reproducing almost without 
changes the physically and mathematically unsubstanti- 
ated theory of the synthesis of I-type mixed relay cit- 
cuits, 
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REPLY TO V. Il. SHESTAKOV'S CRITICAL REVIEW OF THE BOOK 
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V. N. Roginskii 


Translated from Avtomatika i Telemekhanika, Vol. 21, No. 7, pp. 1094-1098, 


July, 1960 


The book under discussion is devoted to the presen- 
tation of problems connected with the structure of relay 
circuits, The book provides methods which the author 
thinks can be recommended in engineering practice, 
while most attention was paid to the design of the sim- 
plest circuits possible, All the methods presented in the 
book have been tested in practice by the author, by the 
team with which he works, and in a number of scientific 
and design organizations, For the purposes of clarifying 
these methods, some elements of the theory of contact 
and relay circuits have been presented in the book, 

The book does not pretend to deal with all aspects 
of the theory of relay circuits, which is obvious from its 
title: “Elements...." Moreover, only the synthesis of 
a narrow class of relay circuits is considered — the class 
of control circuits, the characteristics of which are des- 
cribed in the introduction, The number of branches of 
the modern theory of relay circuits which were not in- 
cluded in the book could be considerably enlarged in 
comparison with those V. 1, Shestakov mentioned in his 
note, 

It cannot be said that the theory of relay-contact 
circuits is presently of lesser importance than 10-15 
years ago, since the number of relays and relay circuits 
which are developed and produced by the industry in- 
creases every year, Just now, when relay devices are 
used in enormous quantities in many fields of the nation- 
al economy, the problem of the design of efficient cir- 
cuits is most important, Experience shows that the appli- 
cation of theoretical methods (in particular, also methods 
presented in the book) will make it possible to simplify 
the existing circuits and to reduce the number of their 
elements sometimes by one-third, The present-day im- 
portance of this problem is emphasized by an ever-in- 
creasing number of papers in this field (including papers 
by V. L Shestakov), The appearance of new elements 
and new theories, which also have to be developed, is 
another matter, 1 do not propose to contest their im- 
portance, but it seems to me that they cannot be set off 
against each other, In my opinion, the general trend of 
development in the nearest future is the formation of a 
general theory for the design of discrete action circuits, 
which is mentioned in the introduction, It is possible 
that the statement that the theory of relay-contact cir- 
cuits is applied to an ever-increasing extent to relay 
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circuits with contactless elements, cannot be taken as 

completely true, but it can be hardly understood as a 

statement that this theory can be applied to any relay 
circuit (emphasis supplied by V. L, Shestakov), 

Also, the book isnot an historical treatise, and, 
therefore, it is not necessary at all to specify who was 
the first to use the multiplication sign for denoting con- 
secutive connection, who was the first to analyzecircuits 
with valve elements, who derived the formula for the 
calculation of admittances connected in series (*har- 
monic addition") and when, etc, With regard to the 
questions raised in the critical note, it can be said that 
the book contains references to papers by M, A, Gavrilov 
on circuits with valve elements (pages 9-10 and 28) and 
also to papers dealing with the problem of circuits with 
finite admittance elements by V, L Shestakov, M, A, 
Gavrilov, and other authors (page 10), 

In the same manner, there is no need to mention 
the translations of particular terms into foreign langua- 
ges in the book. 

I took the stand that the simplification of contact 
circuits by using so-called “unused combinations" was 
well known, and I did not undertake historical research 
in order to establish priority in this field, In my first 
paper concerning this problem (Avtomatika i Teleme - 
khanika, Vol. 15, No, 3, 1954), to which, in particular, 
V. L, Shestakov refers, it was stated in the first para- 
graph: “A possible way of simplifying the circuit is, as 
is known, the consideration of those combinations which 
are not encountered in the operation of the circuit.” 
The author's role is defined with sufficient clarity in 
the book, where it is said that *, . , a system for des- 
cribing such combinations by means of connection tables 
and formulas,and methods for applying the conditions 
to circuits by taking into account the indifferent com- 
binations, which have been developed by the author, 
are given” (page 11), I do not think that even readers 
unfamiliar with literature concerning the theory of re- 
lay circuits can draw the conclusion that all the ma- 
terial in the book is the author*s contribution, 

The book does not contain a consideration of basic 
problems in minimization, as V, 1, Shestakov rightly 
notes, At the present time, minimization denotes the 
determination of minimum normal forms of Boolean 
functions, which does not always provide the possibility 
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of obtaining a T-type contact dipole circuit with a 
minimum number of contacts, especially if unused 
combinations are present, Experience shows that in 
many (and, for a large number of relays, in the majority 
of) cases, H-type circuits are simpler for solutions which 
do not correspond to the minimum forms, In the same 
manner, the minimization of individual circuits does 
not provide the possibility of designing circuits with an 
over-all minimum number of contacts by combining 
these circuits into a single network (even for I-type). 
Therefore, in practical application, the introduction of 
the minimization concept (in the above sense) can be 
even disadvantageous, since, in designing, the im- 
pression can be formed that a “minimum” circuit is 
secured, while a circuit with an even smaller number 
of contacts can be obtained if nonminimum solutions 
are used for individual circuits, Since, at the present 
time, there is no method for the design and determina- 
tion of actually minimum circuits, the book provides 
recommendations for the design of circuits with the 
greatest degree of contact unification, which approaches 
the minimum conditions, Therefore, “minimization” 
has not been treated in the book, and individual mini- 
mization methods are used only for simplifying the 
writing of structural formulas, 

At the same time, contact multipoles with a number 
of contacts close to the minimum,when simplifications 
due to indifferent combinations are automatically taken 
into account, can be designed by using the graphic me- 
thod presented in chapter 7. 

If the history of the development of this method is 
to be presented, one has to begin, on the one hand, with 
papers by M, A, Gavrilov and C, E, Shannon, which deal 
with the connection of multipoles, and then pass to 
cascade methods and methods for the design of symmetric 
circuits, which have been developed by G, N. Povarov 
(they are presented in the first part of the chapter), and, 
on the other hand, with papers dealing with unused com- 
binations, In the graphic method, all operations are per- 
formed with three-valued functions, for which the con- 
cepts of “symmetry” and, even more so, "quasi-symmet- 
ry” are not defined (and, possibly, cannot be defined), 
This method provides possibilities (circuits with “direct 
lead-outs” and the consideration of unused combinations) 
which the above-mentioned methods do not have, In 
fact, the application of the graphic method principles to 
the G, N, Povarov method (i,¢,, to two-value logic) 
made it possible to demonstrate that all functions (two- 
valued, and not three-valued) are quasi-symmetrical in 
the sense defined by G, N. Povarov, 

Another way of securing simpler circuits, is, as is 
known, the use of parametric dependences in the circuits, 
i,e,, the design of such circuits where the operation of 
individual relays depends not only on whether the circuit 
is closed or open, but also on the current intensity in the 
closed circuit, Such circuits were designed and operated 
before the theory of relay circuits appeared, in the same 
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way as contact circuits were designed and modified for a 
long time before C, E, Shannon and V, L, Shestakov 
formulated the basic principles of the theory of such 
circuits, Thus, the “idea” of these circuits does not be- 
long to the author of the book, but rather has existed a 
long time, and individual papers devoted to this ques- 
tion are available in literature, The book provides only 
a certain generalization of the experience gained and 
the definitions of rules for transforming circuits with 
parametric dependences for certain restrictions, which 
are mentioned below, 

The statement that * the assumption of the possi- 
bility of dividing the synthesis process into two stages — 
the determination of the circuit structure and the elec- 
trical calculation of its parameters — is illusory" can be 
explained only by the author's total unfamiliarity with 
the practice of designing relay circuits and calculating 
their parameters, 

It is awkward to talk about such truisms in an aca- 
demic journal, but, since much space has been devoted 
to this question in the review, I shall take the liberty 
to dwell on it, 

The division of circuit design into two interlinked 
stages is a necessary sequential process which is the re- 
sult of long-standing experience, and only correct solu- 
tions in both stages can secure an efficient circuit, 

The calculation of elements can be performed only after 
the structure is determined, but, in composing the struc- 
ture, the capabilities of relays must be taken into ac- 
count, 

Let us consider the simplest case, where ordinary 
electromagnetic relays without parametric dependences 
are used and where, from the structural point of view, it 
is only necessary that the series circuit be closed and the 
shunting circuit open for the relays to operate, If, for 
instance, it is required that relay X operate only when 
button A is pressed, one of the possible solutions of the 
circuit structure will be the series connection of the 
button closing contact to the relay winding, i,e,, a cir- 
cuit with the structural formula aX, However, even for 
such a circuit, the relay will operate in the required 
manner only if al] the circuit parameters are accurately 
calculated (including the voltages and the current source 
impedances), If the calculations are erroneous, the relay 
may not operate,or it may “burn* and become unusable 
when the contact closes, A different structure can also 
be considered: 4+ X. For such a circuit, elements with 
different parameters are required, However, if the struc- 
ture is wrongly chosen-if, for instance, an opening, in- 
stead of a closing contact is installed in the above cir- 
cuit (i,e,, if the 4X circuit is chosen)-the calculation of 
circuit parameters will not help, and the circuit will 
operate in accordance with the assigned conditions, 

In view of the necessity for such order, it is possible 
to talk about the interaction between individual elements 
in the circuit without first determining their parameters 
during the structural synthesis stage, 
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In a contact circuit with only two combinations — 
open and closed-the concept of the circuit operation 
coincides with the concept of its admittance: 0 or a (or 
0 and 1 in theory), For relay circuits, such single-value 
correspondence between the circuit admittance and the 
operation of the circuit relays does not exist, and, as 
V, lL, Shestakov rightly remarks, the operation of relays 
in the circuit depends on many factors, including the 
voltage applied, In order to take into account the in- 
fluence of all circuit parameters on the operation of re- 
lays, the concept of the circuit admittance and the con- 
cept of a relay circuit operation are separated in the 
book,in the first place, The concept of the circuit 
equivalence with respect to operation is introduced, In 
order to express the effect of the admittances included 
in the circuit on the relay operation, we introduced the 
concept of the “order of admittance,” which “does not 
characterize the absolute admittance (or impedance) 
value, but the effect of this admittance on the operation 
of relays in the circuit, i,e,, which pertains to the ac- 
tual circuit parameters and the voltage supplied to it® 
(page 121), Thus, the critic's statement that an attempt 
has been made to operate solely with “admittances” is 
entirely incomprehensible, 

It should be remarked that the concept of the*order 
of admittance “characterizes the influence of different 
impedances on the operation of relays for certain given 
methods of connecting these impedances to the relay 
windings, Therefore, it is entirely senseless to talk 
either about the "magnitude" of the order,or about any 
well-defined correspondence between the “orders of ad- 
mittance* and admittance values expressed for instance, 
in mho, Since these concepts, although denoted 
by the same term, refer to different physical properties 
("admittance™ is the property of an element, and its 
magnitude is the reciprocal of impedance, while the 
“order of admittance" is the effect of this element on 
another in a given circuit), there is not, and cannot be, 
any well-defined relation between them, 

In the examples given in the review, reference 
is made not to the order, but to the value of admittance 
("the term ‘admittance’ is used in the generally ac- 
cepted sense,” as the author of the note states), and, 
therefore, the reasoning in the note does not essentially 
apply to the material presented in the book, which only 
confirms the absence of the above-mentioned relation, 

Thus, there is a misunderstanding in this case, 
which is caused by the confusion in using the terms, 
Perhaps a term not including the term “admittance* 
should be found for the characteristic of the interaction 
of elements with finite admittance, I chose this 
term in order to characterize the influence which a 
finite admittance exerts on the relays of the circuit, 
Thus, for instance, an element with a “lower order of 
admittance” in the circuit affects the operation of the 
Corresponding relay as a break in the circuit (very small 


admittance), although, with respect to the absolute 
value, the admittance of this element can be equal to 
the relay admittance, 

Let us now consider the parametric interaction of 
relays in the circuit, Consider a circuit with two relays, 
where they are connected in series or in parallel during 
the operation process, In both cases, in dependence on 
the circuit parameters (including voltage), it can happen 
that: 1) both relays operate; 2) only the first relay oper- 
ates; 3) only the second relay operates; 4) neither of the 
relays operates, Thus, for the same structure and in de- 
pendence on the parameters, sixteen circuits with differ- 
ent modes of operation can be obtained, Therefore, in 
the stage of structural synthesis of a circuit with para- 
metric dependences, it should be indicated how the relays 
are to operate if they are connected in parallel or in 
series, From all the possible combinations, I selected 
the three combinations which are most important in prac- 
tice, and I introduced the A _ B Ay, B and A. p sym- 
bols, which indicate how these relays must operate, The 
existing methods for the design of relays make it possible 
to select parameters for which the relay will operate in 
correspondence with the assigned conditions (as is con- 
firmed by examples given in the critical review), For- 
mulas (8,7) and (8,11) are conditions which are imposed 
on the relays and which limit the group of the circuits 
under consideration, and not “statements,” as V, 1, Shes- 
takov described them, As statements, they are “generally 
speaking, incorrect.” Besides, it is difficult to find a 
theory for which it could not be said that its postulates 
and assumptions are “generally speaking, incorrect.” In 
particular, the equivalences aa, . .a = a,and a+ 4=1 in 
the theory of contact circuits, and some other equivalences 
are valid only for ideal contacts, and they are “gerferally 
speaking, incorrect," However, this in no way belittles 
the significance of the entire theory, 

The author of the note was right in noticing the 
printing error in expression (8,10), which should be cor- 
rected toread: “ifA, , andBy, 4 (or A <B andB~ 4). 
the circuit cannot be realized." 

However, the statement in the review that this re- 
lation is inaccurate is not correct, Actually, if the cir- 
cuit contains two relays, A < p andB . ,, which are 
connected, for instance, in series, the relation A . B 
indicates that, if the circuit is closed, relay A must 
operate and relay B must not operate, and the B - ate 
lation indicates that relay B must operate and relay A 
must not operate, i,e,, both conditions are incompatible. 
and the realization of such a circuit is an impossibility, 

The "+" and *," symbols in chapters 8 and 9 corres- 
pond, as in the case of contact circuits, to parallel and 
series connection, and the symbol *—* is determined by 
expressions (8,19) and (8,20) (page 125), 

The symbols used make it possible to transform cir- 
cuits containing not only contacts, but alsorelay windings 
and resistors, and to obtain circuits which are equivalent 
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to the relays contained in the circuit with respect to 
operation,and not to determine the electrical admittance 
of these circuits, Therefore, these operations cannot be 
compared with operations of the “algebra of dipole cir- 
cuits of the A-type.” 

Thus, it is obvious that the mathematical and logical 
“errors” cited by V, I, Shestakov, either do not exist or 
are based on a conscious or unconscious confusion with 
regard to the concepts,"admittance value® and “order of 
admittance,” which, as was indicated, pertain to differ- 
ent physical quantities, 

In another place in the review, inaccuracies and 
contradictions in operations with equivalences are in- 
dicated, 

The equivalence symbol a/b® is used in those cases 
where the given conditions are satisfied by several solu- 
tions (circuits) which are characterized by the inequality 
(5,10), from which all particular solutions can be found 
by using formula (5,11), In particular, a/b indicates that, 
for the given conditions, b can be substituted for a, and 
conversely, in the formula (circuit), The commutativity 
of the a/b symbol is obvious from (5,10) and (5,11), 

As regards the supposedly incorrect equality (a/b) = 
= 3/b, which is the only one indicated in the critical 
review, its proof is so elementary that I did not consider 
it necessary to provide it in the book, However, since 
V. lL. Shestakov raised this question, I shall give the 
derivation, We start , for instance, with expression (5,11), 
and we write 





= ab + w(a + b); 


= ab + w (2 + 5). 


ciat cls 


By inverting the first of these expressions, we obtain 





($)-B Feet =6+0)@ + a5)— 
=s(a+5) + ab@ +5) -SG+3)+ab—*. 


The other relations with equivalences can be verified 
in a similar manner, Therefore, it is hard to understand 
what is meant by other examples of “internal contradic- 
tions in equivalence calculations presented in the book" 
which are mentioned in the review, 

In conclusion, it should be noted that V, 1, Shesta- 
kov*s remark on the absence of “proper scientific criti- 
cism* is completely devoid of substance, The material 
presented in the book was the subject of many reports 
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and discussions at various conferences and seminars, In 
particular, V. I, Shestakov twice came forward with his 
*criticism™ (at the All-Union Conference on the Theory 
of Relay- Actuated Devices in 1957, and at the Session of 
the Scientific Council of the Moscow Electrotechnical 
Institute of Communications in 1959); however, he was 
not supported by the specialists who were present. I am 


also familiar with V. 1. Shestakov's several negative re- 
ferences to the manuscripts of my papers. However, the 
above papers were published after they passed due criti- 
cism and discussion. Finally, V. 1. Shestakov could have 
organized the discussion of these papers in the seminar 
which he heads. 

In conclusion, we can say the following: 

1, V. 1, Shestakov's critical review presents the 
content of the book, as well as the individual theories, 
in an incorrect and tendentious manner, The only correct 
remark pertains to the printing error in formula (8,10), 

2, In presenting the problem of transforming relay 
circuits, V, L, Shestakov, in spite of what is said in the 
book, treats the concept of the*order of admittance? 
which pertains to the conditions of relay operation in 
the circuit, as the “admittance value” and the assump- 
tions used as “statements.“ Thus, all that has been 
said with respect to this question in the review does not 
pertain to my book, Moreover, the review indicates 
that its author is completely unfamiliar with practical 
methods for the calculation of relay circuit electrical 
parameters, 

3, Neither does V. 1, Shestakov's statement that the 
inversion operation is nondistributive with respect to 
any commutative Boolean algebra operation (emphasis 
supplied by V. I, Shestakov) pertain to the material in 
the book, since the “equivalence* a/b is not a Boolean 
operation, but a conventional way of writing the fact 
that the circuit x in question, which satisfies the given 
conditions, can have two values: x = a and x = b, which 
is analogous to the way of writing the general solution 
of the equation y* = a in the form y = + Va, It is true 
that the difference here consists in this: that, for contact 
circuits, the above fact results in a number of other par- 
ticular values, which are determined by formula (5,11), 











* With regard to this theory, A, A, Lyapunov writes: 
"The methods of taking into account the so-called’un- 
used combinations, which have been developed by V. N. 
Roginskii, who proposed a suitable algebraic tool (for 
the transformation of equivalences), also played an im- 
portant role” (Mathematics in the USSR During the 
Last Forty Years [in Russian] (Fizmatgiz, 1959, Vol. 1, 
p. 872), 








ERRATUM 


Vol. 21, No, 2, pp. 114-116, October, 1960 
The article by A. A. Fel'dbaum published in Avtomatika i Telemekhanika, No. 2, contains errors in 
final derivations, In the corrected form, some of the equations in this article should be written thus: 


Lip = Six a’ o? + (Tj + 1;B, + B; + B,B;) + 


si oa (37) 
+ p> l(r; + B;) Ay, + (T, + B,) A;,] EY + > Agy Ay, bp Ey: 
Van] », ver] 
1 5, n+i= ox a} of + (1 jx + 1; + eB; + B,B,) + (38) 
m m 
+ Dts + BY Ag + te + BAN Int Do Ape Any tye. 
v=] BP, Yori 
a 
1 5 - Six aja? + (1;%% + 1;Be + 4B; + B;B,) + » [(1; + B;) Ay, + (ty + By) A;,] I+ an 
v=] 


+ D AnAgty.» Ue k=1...-.m). 
»P,. Y=1 


Further, in Eqs. (49), (52), and (53), the coefficient "4" in one of the terms should be replaced by "2." 
With this, Eq. (55) can be reduced to the following form: 





8\2 78)\32 i Ss 
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